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This review summarizes and amplifies on recent investigations of coupled quantum dynamical 
systems with few degrees of freedom in the short wavelength, semiclassical limit. Focusing on the 
correspondence between quantum and classical physics, we mathematically formulate and attempt 
to answer three fundamental questions: (i) How can one drive a small dynamical quantum system 
to behave classically ? (ii) What determines the rate at which two single-particle quantum- 
>-r^ ' mechanical subsystems become entangled when they interact ? (iii) How does irreversibility 

^_>J ' occur in quantum systems with few degrees of freedom ? These three questions are posed in 

the context of the quantum— classical correspondence for dynamical systems with few degrees of 
freedom, and we accordingly rely on two short- wavelength approximations to quantum mechanics 
to answer them — the trajectory-based semiclassical approach on one hand, and random matrix 
theory on the other hand. We construct novel investigative procedures towards decoherence 
and the emergence of classicality out of quantumncss in dynamical systems coupled to external 
' degrees of freedom. In particular we show how dynamical properties of chaotic classical systems, 

such as local exponential instability in phase-space, also affects their quantum counterpart. For 
instance, it is often the case that the fidelity with which a quantum state is reconstructed after 
an imperfect time-reversal operation decays with the Lyapunov exponent of the corresponding 
1 classical dynamics. For not unrelated reasons, but perhaps more surprisingly, the rate at which 

O l' two interacting quantum subsystems become entangled can also be governed by the subsystem's 

Lyapunov exponents. Our method allows at each stage in our investigations to differentiate 
quantum coherent effects - those related to phase interferences - from classical ones - those 
_j , related to the necessarily extended envelope of quantal wavefunctions. This makes it clear that 

all occurences of Lyapunov exponents we witness have a classical origin, though they require 
rather strong decoherence effects to be observed. We extensively rely on numerical experiments 
to illustrate our findings and briefly comment on possible extensions to more complex problems 
involving environments with many interacting dynamical systems, going beyond the uncoupled 
, harmonic oscillators model of Caldeira and Leggett. 
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I. INTRODUCTION 
A. Preamble 

It is certainly not an exaggeration to say that quantum mechanics has revolutionized the way we see and apprehend 
the world surrounding us. Daily experience tells us that material objects have well defined position, extension and 
velocity, and that the three can be measured simultaneously. Then why should microscopic objects instead be 
represented by probability clouds whose evolution is governed by a wave equation ? Interacting quantum systems 
are even more intriguing: after some finite interaction time, the subsystems lose at least part of their individuality in 
that they can no longer be described by a set of coordinates of their own. This entanglement property of quantum 
systems lies in strong contrast with classical interacting systems - the moon is still the moon and its dynamics 
can be described by a finite set of coordinates, well separated from the coordinates of the earth, despite millions of 
years of orbital partnership. There is no classical counterpart to entanglement. These and many other celebrated 
peculiarities of quantum mechanics have left many a physicist suspicious about the validity of quantum mechanics, 
or at least doubtful that it is a complete theory and often at a loss to give it an understandable interpretation. 
Yet, decades of experimental tests and theoretical developments have totally comforted us - quantum theory has 
been confirmed to a precision without precedent. On the purely mathematical front, quantum mechanics does not 
require an interpretation, it is a well defined algorithm that performs perfectly well without ever failing. Still the 
relationship between quantum and classical physics has to be clarified. For once, a new scientific theory should not 
only be successful where the older one failed, one additionally expects that it reproduces the theory it is supposed 
to supersede in the latter's regime of validity - this is the correspondence principle. How comes then that the world 
surrounding us, despite being made of quantum mechanical building blocks, behaves classically most of the time 
? How does this - at least apparent - classicality emerge out of quantumness ? Over the years, more and more 
precise answers have been given to those questions on the quantum-classical correspondence. The current consensus 
is that, first, quantum systems can never be totally isolated from their environments, and that, second, even tiny 
couplings to many, fast moving external degrees of freedom are often sufficient to erase quantum coherence and to 
drive a quantum system's time-evolution away from the Schrodingcr equation towards, say, a Liouvillian evolution. 
Simultaneously, information about the exact state of the system gets lost in the entanglement generated between 
system and environment. Entropy increase follows, and the lost information never ret urns. It is not our purpose her e 
to discuss this scenario in all details, as it has been described in reviews and textbooks ( Joos et ~al\ , 120031 ; IZurekl . l2003l ). 



Yet, we revisit some related aspects, with a focus put on dynamical properties of quantum systems with few degrees 
of freedom, systems who often exhibit complex behaviors due to the chaotic dynamics of their classical counterpart. 
Because our focus is on dynamical aspects, let us first briefly discuss, at a qualitative level, what are the respective 
trademarks of classical and quantal dynamical systems. 

Classical dynamical systems are deterministic. For any given initial condition, the state of the system at any later 
(or earlier) time is uniquely determined by the equations of motion. Restricting ourselves to Hamiltonian systems, the 
phase-space dynamics is unitary and in particular characterized by the Liouville conservation of phase-space volumes. 
Despite this unitarity, dynamical nonlinearities and chaos can emerge when there are not enough constants of motion to 
restrict the dynamics to invariant tori. When this happens, the behavior of the system becomes unpredictable beyond 
a certain time horizon. This is due to local exponential instability, the trademark of classical chaotic behavior, where 
two almost indistinguishable initial conditions - two sets of position and momentum coordinates differing only by a 
minute phase-space displacement - eventually move away from one another at an exponential rate. The impossibility 
of determining initial conditions with infinite precision effectively results in unpredictability and an apparently random 
behavior of classical chaotic systems beyond a certain time horizon. Extending that horizon is in principle possible, but 
requires an exponentially finer resolution of the initial condition. Chaotic behavior does not require large numbers of 
degrees of freedom, but already occurs in two-dimensional autonomous (i.e. energ y-conserving) classical Hamiltonian 
systems. Yet, chaotic Hamiltonian syste ms do not lose their deterministic nature ( Cvitanovic et all l2005t iGutzwilierl . 
119901: iLichtenberg and Lieberma 1 119921) . 

The situation is both similar and quite different in quantum dynamical systems. The time-evolution defined by 
Schrodinger's equation is equally deterministic and unitary as the Liouville flow. For a given initial wavefunction, the 
corresponding future (or past) wavefunctions are uniquely determined at any given time, and the Hilbert space norm 
of the wavefunction is conserved. Statistical unpredictability notoriously arises due to the projective measurement 
of that wavefunction, but mathematically speaking, that does not make the time-evolution of the wavefunction any 
less deterministic. Quantum systems however strongly differ from classical systems in that they are described by 
extended wavefunctions - not phase-space points - whose Schrodingcr time-evolution is unitary in cither position 
or momentum space - not in phase-space. The symplectic nature of the Liouville evolution is not present in the 
quantum world, and this prohibits the emergence of chaos in quantum mechanics in the sense of local exponential 
phase-space instability, at least for long enough times. There docs not seem to be anything such as quantum chaos 
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from a dynamical point of view, or if it exists, it must be quite different from classical chaos. A comment is in order 
here, which we will restate several times in this review. The importance of time scales should not be underestimated, 
and it has been realized that, in the spirit of the Ehrenfest theorem, the center of mass motion of narrow wavepackcts 
does exhibit local exponential instability at short times ( Haake et all 1 1992h . That behavior gets however lost at 
longer times, once the spreading of the wavepacket renders the definition of its center of mass practically impossible 
or at least irrelevant. Assuming an ex ponential spread of the wavepacket with the system's Lyapunov exponent , 
this defines an Ehrenfest time s cale t e ( Berman and Zaslavskvl [l978t iBerrv and Balas 1 119791 : IChirikov et all . 1 19811 
119881: lLarkin and Ovchinnikovl Il968h . which is the time it takes for the underlying classical chaotic dynamics to 
exponentially stretch an initial narrow wave packet to the linear system size. The Ehrenfest time is a break time for 
the classical-quantal correspondence in isolated systems. Once this threshold is crossed, quantum coherent effects set 
in that need to be taken into account by the theory. The rule of thumb is that quantum mechanical wavepackets 
of spatial extension v (say, the minimal wavelength authorized by Heisenberg's uncertainty principle) follow classical 
dynamics at times shorter than te, qualitatively because until then the number of classical trajectories on which they 
propagate is not sufficient to give rise to important interference effects. At larger times, the dynamical quantum- 
classical correspondence breaks down as the proliferation of classical trajectories exploring very different regions of 
phase-space gives rise to multiple interferences between pairs of paths. In chaotic systems, the crossover between these 
two regimes is rather sharp, thanks to the exponential spreading of the wavepacket extension, v — > z/cxp[At], with 
the Lyapunov exponent A of the corresponding classical dynamics. Once one reaches a spread comparable to, say, 
the system size L, the notion of a center of mass of the wavepacket is no longer well defined - this occurs roughly at 
the Ehrenfest time te = A -1 InL/p. The argument of the logarithm is a semiclassically large parameter defining the 
semiclassical limit Ljv — > 0, and as such it is often identified with an inverse effective Planck's constant, h e g = v/L. 

Despite these discrepancies in the dynamical behaviors of quantum and classical systems, there is still a one-to-one 
correspondence between classical integrals of motion and good quantum numbers. One might thus wonder if and 
how quantum systems with a complete set of good quantum numbers differ from quantum systems lacking some 
of them. Integrability is indeed equally well defined in classical and in quantum mechanics, however the theories 
differ in how much dynamical freedom is gained once perturbations destroy good quantum numbers or integrals of 
motio n. The search for signatures of chaos in quantized, classically chaotic systems d efines the field of quantum 
chaos (|Casati and Chirikovj . [l995l ICvitanovic et all 120051 : iGutzwilleri . 1 19901: lHaakd . l200lh . 

These discrepancies in the dynamical behavior of quantal and classical systems raise a number of issues, many 
of them related to the correspondence principle. How comes, for instance, that macroscopic systems clearly exhibit 
chaotic dynamical behaviors, despite their being made of quantum building blocks ? If there is no quantum chaos, 
how comes there is classical chaos at all ? As fundamental is the question of the robustness of classical and quantal 
systems with few degrees of freedom when submitted to external perturbations. One qualitatively expects that any 
perturbation, no matter how small, significantly alters the time-evolution of classical chaotic systems. Perturbations 
first kick initial conditions some distance away from where they were, then chaos does the rest. The perturbation 
effectively generates a certain amount of uncertainty in the initial condition which blows up exponentially with 
time. Classical chaotic systems seem therefore to be extremely sensitive to perturbations - one sometimes speak of 
hypersensitivity - much more so than regular or integrable systems. Some care has to be taken in how the question of 
the sensitivity is asked, however, and it should be stressed that chaotic systems taken as an ensemble are characterized 
by some rather large degree of universality - the individual behavior of a given system is not much different from the 
average behavior of t he ensemble. This universality is often cal l ed for, fo r instance i t is la r gely used in investiga t ions o f 
the classical fidelity (jBenenti and Casatil . 120021 : iBenenti et ail . l2003allbl : lEckhardtl . 120031 : IProsen and Znidarid . l2002h . 
Regular or integrable systems, on the other hand are characterized by large system-dependent deviations from average 
behaviors, and special care has to be taken when discussing averages and fluctuations in this case. 

How sensitive are quantal systems ? Here it might well be expected that quantal systems also exhibit a strong sen- 
sitivity to perturbations, not because of the classical dynamical scenario we just sketched, but because quantumncss 
lives in Hilbcrt spaces. Small perturbations generate pseudo-random relative phase shifts of the time-evolved wave- 
function components. In the semiclassical, short-wavelength limit, the number of these components becomes larger 
and larger. One thus expects that at large enough times, the scalar product between two wavefunctions, time-evolved 
from the same initial wavefunction, but under the influence of two slightly different Hamiltonians, will be down by a 
prefactor exponentially small in the variance of the phase shift distribution. In other words, this dephasing mechanism 
can generate orthogonality between the actual (dephased) and the ideal (not dephased) wavefunction. 

These two mechanisms for sensitivity to external perturbations are obviously very different. The former is dy- 
namically driven, and the perturbation is invoked only to generate a slight kick in the initial condition, while the 
latter is entirely due to the perturbation, generating dephasing of the action integrals accumulated on an otherwise 
unperturbed dynamics. They are specific to the classical or quantal character of the dynamical system under con- 
sideration. The former mechanism originates from the decay of overlap of spatially extended wavefunction envelopes 
- this is analogous to the decay of overlap of Liouville distributions, and in this sense this mechanism is classical in 
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nature. The latter mechanism, on the other hand, emerges from the accumulation of uncorrelatcd phase shifts in 
the wavefunction components - it is of purely quantal origin and has no classical counterpart. At short times both 
mechanisms can influence quantum systems and which mechanism is relevant depends on the balance between the 
average stability of classical orbits and the rate of dephasing. 

These aspects of the quantum-classical correspondence have been thorougly investigated over the past decades, 
and the search for quantum s ignatures of chaos has provided much i nsight into how clas sical dynamics manifests 
itself in quantum mechanics ( Casati and Chirikovl Il995l ; iGutzwillerl . 1 1 9 9 Ol : iHaakd . 1 2 lh . The basic question is 
"can one determine from a system's quantum properties whether the classical limit of its dynamics is chaotic or 
regular ? And if yes, how ?" . One very successfu l appr oach has been to look at the spectral statistics, in particular 
the distribution of level soarings dBohigas et~al\. 19841 ). An altogether diffe rent, more recent approa ch, advocated 
by Sarkar and Satchell ( Sarkar and Satchel! . 1988| ). and Schack and Caves ( Schack and Cavesl . 1 19931 ). has been to 
investigate the sensitivity of the quantum dynamics to perturbations of the Hamiltonian — the problem we have 
just outlined qualitatively. This approach goes back to the early work of Peres 1 PeresL [T984T ) and has attracted new 
interest recently in connection with the study of decoherence, entanglement generation in coupled dynamical system 
and quantum irreversibility. It is the purpose of this review to discuss recent progresses made in this dynamical 
approach to quantum chaos. Our focus is on quantal systems at large quantum numbers/short wavelength, in the 
so-called scmiclassical limit. We devote most of our attention to the mathematical formulation of and the (inevitably 
incomplete) answer to three fundamental questions pertaining to the relationship between classical and quantum 
physics. The first one is 

How and when does a quantum mechanical system start to behave classically ? 

Decades of experimental investigations have confirmed the validity of quantum theory to an unprecedented level, and 
a large variety of fundamental experimental tests have been passed with an A + . Double -slit experiments have been 
perfo rmed where quantum objects as large as molecules have produced interference fringes |jonssonlll974HNairz et all . 



12003! ) , the Aharonov-Bohm effect ( Aharoiiov and Bohm . 19591; 



in transport through mcsoscopic systems ijChandrasekhar et al 



1985 



Osakabe et al\ 



Ehrenberger and Sidav . 11949 ) has been implem ented 



19861: 



Webb et aLl .[l985). and 



quantum nonlocality, as predicted in the EPR paradox ( Einstein et aZ.l . ll935[ ) has been illustrated via the experimental 



determination of Bell inequalities ( Aspect et al\ , fl98ll ). This list of quantum- mechanically driven phenomena is much 
longer, of course, and includes phenomena such as superfluidity and superconductivity, Bose-Einstein condensation 
or ferro- and antifcrromagnctism, all of them cooperative phenomena that occur at macroscopic scales, yet cannot be 
explained without quantum mechanics. Still, it is our daily experience that the world surrounding us, despite being 
made out of quantum mechanical building blocks, behaves classically most of the time. This suggests that, one way 
or another, classical physics emerges out of quantum mechanics, at least for sufficiently large systems. How and when 
does this happen ? The Copenhagen interpretation, that observations of the quantum world as we make them are 
made with macroscopic, therefore classical apparatuses, while having been of great comfort to many a physicist, does 
not answer the question satisfactorily. It merely pushes the pr oblem a bit f urther, towards the question "what makes a 
measurement apparatus classical ? " or in the words of Zurek (|Zurekl . ll993T) " where is the border ? " between classical 
and quantum mechanics ? Instead, today's common understanding of this quantum-classical correspondence is based 
on the realization that no quantum mechanical system - finite-sized almost by definition - is ever fully isolated, and it is 
unavoidable that its behavior is modified by its coupling to environmental degrees of freedom. This requires to extend 
the theory to larger Hilbert spaces, including external degrees of freedom modeling the environment, the rest of the 
universe or a heat bath (all three denominations usually referring to the same concept). The latter degrees of freedom 
are eventually integrated out following a precise procedure - the outcome depends on when this is done. It is then 
hoped that a large regime of parameters exists where the coupling to the environment destroys quantum interferences 
without modifying the system's classical dynamics. As a matter of fact, it is often argued that such a coupling 
induces loss of coherence on a time scale much shorter than it r elaxes the system ( Altshuler et all Il982l ; iBraun et all 
120011 : iJoos and Zehl Il985t iJoos et all 120031: IZurekl . Il993l . l2003h . Decoherence originates from the coupling to a large 
number of external degrees of freedom over which no control can be imposed nor direct observation made. Once these 
degrees of freedom are integrated out of the problem, the reduced problem containing only the degrees of freedom of 
the system under observation has (partially or totally) lost its quantum coherence. Quantal wavefunctions no longer 
evolve according to Schrodinger's equation, instead, when decoherence is complete, they are fully represented by their 
squared amplitude only, the latter evolving with Hamilton's equation. This is the broad picture. Does it gcncrically 
apply to specific systems, or are there some refinements to be implemented from case to case ? How big should the 
environment be for the quantum-classical crossover to occur ? These arc some of the related questions we are interested 
in below. Decoheren ce has been extensively treated in a variety of contexts, it has been the subject of textbooks and 
rather large reviews ( Joos et al 1 120031 : IZurekl . l2003h . and our purpose here is not to cover all or even a fraction of this 
rather large literature. Instead we focus on dynamical systems with few degrees of freedom in the semiclassical limit. In 
that limit, some approximations that are made for larger systems, coupled to larger environments, are not necessarily 
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legitimate and new behaviors occur. On the plus side, more generic environments, and system-environment couplings 
can be considered under not too restrictive assumptions, and we even expect that the approach we present below is 
scalable, in that it can be further developed to treat larger systems coupled to complex environments with a large 
number of interacting chaotic degrees of freedom. Often, our assumptions are legitimated by mathematically rigorous 
resul ts on classical dynamical systems, such as structural stability and shadowing theorems ( Katok and Hasselblattl . 



Il996l ). which allow to find the dominant, stationary phase contributions to our semiclassical expressions by pairing 
classical trajectories of slightly different Hamiltonians. As long as shadowing can be invoked, the problem treated 
is that of pure dephasing, without momentum nor energy relaxation. There are regimes where pure dephasing is 
sufficient to kill all coherent effects, and the resulting dynamics is classical, given by the classical counterpart of the 
system's Hamiltonian - in particular, the coupling to the environment does not lead to renormalization/changes in 
the parameters of the Hamiltonian or to the addition of new terms in it . 

An alternative way of presenting decohcrcncc is to say that, because of the coupling between them, system and 
environment become entangled. Wh at does that mean ? The concept was already pretty much defined, at least 
qualitatively, by Schrodinger in 1935 (|Schrodingerl . ll935h . We quote him: 

When two systems (. . . ) enter into temporary interaction (■■■), and when after a time of mutual influence the 
systems separate again, then they can no longer be described in the same way as before, viz. by endowing each of them 
with a representative of its own. 

At the quantum level, initially well separated subsystems lose at least part of their individuality when they 
interact, and the global quantum state describing the sum of the subsystems can no longer be represented into a 
product of well-defined states of the subsystems taken individually. Quantumness is not lost globally, of course, 
and the system as a whole - the sum of the system under observation and of environmental degrees of freedom 
- evolves coherently in the quantum sense of the Schrodinger evolution. However, because of entanglement, the 
system loses its coherence once it is observed separately from its fast moving environment. The rate at which 
decohcrence occurs is thus related to the rate at which entanglement is generated between system and environment. 
In the spirit of Schrodinger's above formulation, one is naturally led to ask the second question of interest in this review 

What determines the rate at which two interacting quantum systems become entangled ? 

In particular, one might wonder if this rate is solely determined by the interaction between the two sub-systems 
or if it also depends on the underlying classical dynamics, even perhaps on the states initially occupied by the 
sub-systems. Of interest is also to determine the different regimes of interaction and the corresponding rates of 
entanglement generation or its functional dependence in time. Also, one might wonder how these rates scale with the 
dimension/number of degrees of freedom of the environment. These are some aspects of this second question that we 
discuss in this review. 

The third, final question we ask is 

How irreversible are quantum mechanical systems with few degrees of freedom compared to their classical counterpart 



At first glance, this latter problem seems unrelated to the first two problems of decohcrence and entanglement. The 
connection emerges when, following the late Asher Peres, we observe that simple mechanisms of irreversibilit y exist 
in classical dynamical sys tems with few degrees of freedom, that cannot be exported to quantum mechanics ( Peresl 
1 1 984l ; IShepelvanskvl 1 1 9831 ) . The chaos hierarch y ensures that classical chaotic systems exhibit mixing and exponential 
sensi tivity to initial conditions in phase space ( Cvitanovic et aZ.l . l2005l ; [G"utzwillerl . ll99rilL~ichtenberg and Liebermanl . 
Il992l ). Irreversibility directly follows from these two ingredients, once they are combined with the unavoidable finite 
resolution with which the exact state of the system can be determined. This finite resolution blows up exponentially 
with time, so that a time-reversal operation inevitably misses the initial state, if it is performed after a time logarithmic 
in the resolution scale. In other words, to be successful, a time-reversal operation requires to determine the system's 
state with an accuracy exponential in the time at which it is performed. 

Finite resolutions do not blow up under Schrodinger time-evolutions, moreover, they are better tolerated by quantum 
mechanical systems which are discrete by nature. The classical mechanism for irreversibility just underlined is therefore 
invalidated by quantum mechanics. Instead, Peres argued that quantum irreversibility originates from unavoidable 
uncertainties in the system's Hamiltonian. Once again, uncontrolled external degrees of freedom are invoked, this 
time to justify the finite resolution with which one can determine the Hamiltonian governing the system's dynamics - 
and not the state the system occupies. The coupling to external degrees of freedom generates entanglement between 
the system and the environment, and information about the exact state of the system gets lost, never to return. 
Irreversibility sets in, and one hopes that it can effectively be quantified by the fidelity (unless explicitly stated 
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otherwise we set h = 1 throughout this article) 

M L (t) = |(V>o|cxp[^]cxpH^]|^o)| 2 , (1-1) 

with which an initial quantum state ?po is reconstructed after its time evolution is imperfectly reversed at time t. Below, 
Ml is calle d indifferently fidelity or Loschmidt echo - the latter denomination has been introduced by Jalabert and 
Pastawski ( Jalabert and Pastawskill200lh . to stress its connectio n to the gedanken time-reversal experiment proposed 



by Loschmidt in his argument against Boltzman's H-theorem ( Loschmidt] . Il876l ) - and unless stated otherwise, it 



refers to an average taken over an ensemble of comparable initial states tpo. The difference £ = H — Hq between 
the Hamiltonians governing forward and time-reversed propagations originates from the imperfect knowledge one has 
over the microscopic ingredients governing the system's dynamics. It turns out that in some instances, the problem of 
decoherence and entanglement generation can be mapped onto the problem of irreversibility as formulated in Eq. (|1.1D . 
We now proceed to illustrate this statement and express in more quantitative terms the connection between the three 
central questions we asked above. We do this with a simple example. 

Consider a quantum two-level system in the form of a spin-1/2. Initially, we prepare that spin in a normalized, 
coherent superposition, 

M))sys = a| T)+/?| I), M 2 + |/3| 2 = l, (1.2) 

and let it evolve with time. A pure quantum-mechanical time-evolution is unitary, and will therefore not alter the 
quantumness of this state, in the sense that the product a/3* of the off-diagonal matrix elements of the density 
matrix oscillates in time with constant (i.e. non-decaying) amplitude. Unavoidably, however, the system is coupled 
to external degrees of freedom, and we therefore extend the description of the initial state to 

|*0> = |V>0>sy S ® |0O>onv, (1.3) 

where subscripts have been introduced to differentiate the degrees of freedom of the two- level system (sys), on which 
our (i.e. the observer's) interest focuses, from the external, environmental degrees of freedom (env), on which no 
measurement is directly performed. The dynamics of is equally quantum-mechanical as the dynamics that ip would 
follow if the system were perfectly isolated. At this stage, however, we must depart from a pure quantum-mechanical 
treatment of the problem, essentially because we - i.e. the observer - are focusing our interest on the system's degrees 
of freedom only. This measurement process projects the problem onto a basis with less degrees of freedom. In other 
words, to provide for a description of the observed dynamics of the system, the environment has to be removed from 
the problem. To achieve this, the standard procedure is to consider the time-evolution of the density matrix 

p = |*o)(*o|, (1.4a) 
p(t) = exp[-iJft] po exp[iJCt], (1.4b) 

and t o reduce it to a local (system ) density matrix by integrating out the degrees of freedom of the environ- 
ment (|Joos et all 120031 ; IZureki . 120031 ) , 



Pied(t) = Tr cnv exp[— i'Kt) p exp[i?ft] . (1.5) 

The procedure one has to follow is to trace the environmental degrees of freedom out of the time-evolved density 
matrix. No decoherence is obtained, quite trivially, if, for instance, one traces over the initial pure density matrix, 
then time-evolve the result. The amplitude of the off-diagonal matrix elements of p ve d(t) is now decaying with time. 
The trace in Eq. (|1.5[) can be exactly performed in specific situations only. For instance, the problem is significantly 
simplified if one freezes the intrinsic dynamics of the two-level system and takes a system-environment interaction 
with von Neumann form, 

-K = i sys <» ff env + 1 TXT |®tf T + U)U l®#t. (1.6) 

In this case, the diagonal matrix elements p°£^, =T 7 1 are time- independent, 

P r T i = M 2 , p\t A = \P\\ (l-7a) 
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on the other hand, the off diagonal elements p T ^ of the reduced density matrix are found to evolve as 

Pr T cd(*) = a P* (^o|exp[z(H CIW + i? i )t]exp[-i(iJenv + i?T) t ]l0o). (1.8) 

The described procedure is probability-conserving, Tr[/? rc( j] = 1, moreover, it preserves the Hcrmiticity of the reduced 
density matrix, p^ d = (p]^)* ■ Quantum coherent effects are however carried by the off-diagonal matrix elements 
which now become time-dependent. For instance a measurement of the x— component of the spin gives 

Tr[a x p ied (t)]=2Repl^{t), (1.9) 

where a x is the corresponding Pauli matrix. The time-dependence of this measurement is thus determined by 

f(t) = (0 O | exp[i(H em + H{)t] exp[-i(H env + H t )t]\<M, (1.10) 

a quantity which is often referred to as the fidelity amplitude. It is straightforward to see that if H-\ ^ H±, \f(t)\ decays 
with time. The decay of the off-diagonal matrix elements of p rc( j is commonly associated with the phenomenon of 
decoherence, which, as in this simple example, often affects only marginally, if at all, the behavior of the diagonal matrix 
elements of p r od- Decoherence occurs because system and environmental degrees of freedom become entangled in the 
sense that the state of the global system can no longer be represented by a product state, even as an approximation, 
once the coupling between system and environment has been given enough time to act. Therefore, the time-evolution of 
the reduced density matrix containing only the system degrees of freedom is no longer governed by a Schrodingcr/von 
Neumann equation. Whether the diagonal of p TO d is affected or not is of course basis-dependent, and decoherence, or 
the generation of entanglement between the two subsystems can be quantified by the basis-independent purity 

y(t) ee Tr[p r 2 ed (t)] (1.11) 

of the reduced density matrix, which is equal to one only in absence of entanglement. The connection to decoherence is 
clear - !P(i) is a basis- independent measure of the relative weight carried by the off-diagonal matrix elements of p re( j(i), 
those containing information on interferences between different wave-components. It simultaneously turns out that 
the vanishing of these matrix elements, the decay of is indicative of whether p(t) can be factorized as the product 
of two density matrices pertaining to each subsystems, with 7{t) = 1 corresponding to full factorizability. For globally 
pure states (i.e. pure states of the system+environment) ?(£) is an ap propriate measure of entanglement, physically 
equiv alent to the von Neumann entropy §(<) = — Ti[p Ted (t) lnp rec i(i)] ([Miller and Sarkail Il999fi IVedral and Pleniol . 
Il998h . and both measures are monotonously related to the nonseparability of the pure total density matrix p. The 
advantage of working with 7(t) is that it is mathematically much easier to handle. It is also important to note that 
both !P(i) and S(i) are symmetric and remain the same if one exchanges the roles of the two subsystems. 
For the above example of a spin-1/2 the purity reads 

?(t) = | a | 4 + |/3| 4 + 2|«| 2 |/3| 2 |/(t)| 2 . (1.12) 

Eqs. (jl.lpp and (|1.12[) give a somehow unifying picture of how the a priori unrelated concepts of decoherence, entan- 
glement generation and quantum reversibility are connected. In our simple example, the decay of the off-diagonal 
matrix elements of p Te & is given by the fidelity Ml(4) = |/(£)| 2 with which </>o (the initial state of the environment) is 
reconstructed after an imperfect time-reversal operation is performed at time t. Simultaneously, this short discussion 
illustrates that, strictly speaking, a direct connection between Ml and decoherence exists only under specific assump- 
tions on the Hamiltonians governing the coupled dynamics of system and environment. After this presentation of the 
main questions around which discussions to come will orbit, we present a still general and qualitative discussion of the 
behavior of quantum systems coupled to external degrees of freedom, which leads us to introduce other mathematical 
quantities, besides T(t) and Ml, on which our interest will focus. 

B. Echo experiments - going beyond Loschmidt 

Obviously, the Loschmidt echo of Eq. (|1.1[> is only a phenomenological measure of quantum reversibility, where the 
coupling to (not necessarily identified) external degrees of freedom is modeled by the perturbation S, acting on the 
system's degree of freedom only. A true microscopic approach to reversibility instead requires to start with a global 
system, including an environment with a dynamics of its own, which one eventually integrates out. The extra degrees 
of freedom are intended to model the unavoidable coupling of the system under interest to the rest of the universe. 
These degrees of freedom are, in principle, so numerous that they can absorb any amount of information that the 
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system has. The lost information never returns back to the system - at least not within physical times, say up to the 
age of the universe - and irreversibility sets in. It is then highly desirable to figure out the conditions under which 
Ml is obtained from this procedure. Let us be more specific and consider an initial product state as, e.g. in Eq. (|1.3jl . 
which evolves during a time t with the Hamiltonian 



3ir 



H S y S < 



+ I sys cg> H env + 3~C C 



(1.13) 



One then performs a time-reversal operation on the system degrees of freedom only, and let the state evolve during 
an additional time t under the influence of the partially time-reversed Hamiltonian 



54 = H' 



sys 



asys 



H' 

env 



3~C . 



(1.14) 



-ffsys, however there is no reason 



Perfect control over the degrees of freedom of the system can be assumed, H[. ys 
to believe that a perfect time-reversal operation can be performed on environmental degrees of freedom - by definition 
one has no control over them. Hence, H^ nv and H' c arc in general different from —H cnv and — 5f c . Reversibility is 
quantified by the probability that after 2t the central system returns to its initial state, regardless of the environment. 
The quantity of interest thus reads 



M B (t) = ((V'o|Tr onv exp[-iJC b t]cxp[-iJ{ f t]|*o)(*o|exp[i5{ft]exp[z5{bt] |^o) 



(1.15) 



where the initial state is given in Eq. I|1.3[) . Because one has no control over the environment, its fast evolving 
degrees of freedom are traced out. Moreover, one averages ov er its initial state 4 nv , as it ca nnot be prepared. This 
is indicated by the outermost brackets in Eq. (|1.15[) . In Ref. ( Petitiean and Jacauodl . feOQBbf ). we introduced Me(i) 
and dubbed it the Boltzmann echo to stress its connection to Boltzmann's counterargument to Loschmidt that time 
cannot be inverted for all components of a system with many degrees of freedom. We will see below that, in the 
weak coupling limit when !H C has a weaker effect than the imperfection H sys + H!, ys in the inversion of the arrow of 
time for the system, the decay of Mb(4) is indeed the same as that of Ml(£) with Hq = H sys and H = —H' sys . This 
justifies a posteriori the introduction of Ml(4) as a measure of quantum reversibility. However, there is a crossover to 
an interaction-governed decay as !K C increases against H!, ys + H sys . In that regime, reversibility is governed by IK C , 
regardless of the precision with which the time-reversal operation is performed. 

The properties of the Boltzmann echo are discussed in more details below in Chapter HV.Fl In the weak coupling 
regime it is reasonable to expect that integrating out the external degrees of freedom leaves us with an effective 
time-dependent perturbation H — H = E ef j (f) acting solely on the system's degrees of freedom. The explicit time- 
dependence of S e ff emerges from the environment's intrinsic dynamics, and often it is sufficient to only specify how 
the environment's dynamics affects the correlation function (E e ff (x+5x, t + St) E ff (x, t)) x ,t oc /(| Jx|/£o) <?(<^/ t o)j an d 
how f and q decay. The fide lity under an imperfect time-reversal with a time-dependent perturbation is investigated in 
Ref. (Cu cchietti et where, not surprisingly, earlier results on the decay of the Loschmidt echo are reproduced. 

The decay rates in this case are given either by the correlation time to or the correlation length £o of E c ff(i). 
Our analysis of the Boltzmann echo shows that investigating reversibility in quantum dynamical systems with the 
time-dependent Loschmidt echo is justified only when the coupling between system and environment dominates the 
imperfection in the time-reversal operation [the perturbation in Eq. (jTTTJ)] . 

Investigations of the Loschmi dt echo are to some extent exper i mentally motiva t ed. Echo experiments abound 
in nuclear magnet ic reson ance (lHahn . 19501; Levstein et Ml, 120041 : iPastawski et all Il995l [2000l: iRh im et al. 1 . 119701: 
IZhang et all Il992h , o ptics dKurnit et al. L 1964 ), cavit y quantum electrody namics ( Andersen et all 2004 L 20031 2006f ). 
atom interferom etry (ISu et al. ^ WiA 120071 : IWu et alh, cold a tomic gases (jBuchkremer et all 120001: ICucchiettif). mi- 
crowave cavities ( Hoehmann et all 20081 : ISchafer et aUl2005al lbl) and superconducting circuits (|Nakamura et aLj2002| ) 
among others. Except for the microwave experiments, all these investigations are based on the same principle of a se- 
quence of electromagnetic pulses whose purpose it is to reverse the sign of hopefully dominant terms in the Hamiltonian 
by means of effective changes of coordinate axes. Imperfections in the pulse sequence result instead in Hq — > — Hq — E, 
and one therefore expects the Loschmidt echo to capture the physics of these experiments. As already mentioned, this 
line of reasoning deliberately neglects the fact that the time-reversal operation affects at best only part of the system, 
for instance because the system is composed of so many degrees of freedom, that the time arrow can be inverted only 
for a fraction of them. Another related issue is that subdominant terms in the Hamiltonian are in principle not time- 
reversed - thes e include for in stance the nonsecular terms in the Nuclear Magnetic Resonance (NMR) Hamiltonian 
for spin echoes ( Slicliterl . Il992h - and affect echo experiments in a way that is not necessarily correlated with how well 
the time reversal operation seems to be performed. Both these aspects have to be kept in mind when discussing echo 
experiments, and both motivate the investigations of the Boltzmann echo of Eq. (JTTTSJ) . 

Equally important, most experimental set-ups measure the return probability of only a small part of the system's 
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degrees of freedom. For instan ce, the NMR spin echo experime nts - which provided the original motivation for Jalabert 
and Pastawski's work on M r, ( Jalabert and Pastawskil l200l[ ) - measure the polarization echo ( Levstein et all l2004t 



iPastawski eF^II . Il995l l2000h 

M PE (t) = 2(* | exp[i% f t] exp[M h t] 1% exp[-i% h t] exp[-£Hfi]|*o), (1-16) 

on a given site labeled "0" of a large lattice, starting with an initial random many-body state ^5>o, with prepared 
polarization on the th site only. The polarization echo essentially differs from a many-body Loschmidt echo by the 
presence of the local spin operator Iq instead of | V l/p) (vfro I • Perhap s the m ain puzzle posed by these experiments is 
the existence of a perturbation- independent decay (jPastawski et all l2000h - how can it be that the decay of Mpe(£) 
remains the same when the perturbation (perhaps the nonsecular terms in the NMR Hamiltonian Jff that cannot be 
time-reversed) is effectively made weaker and weaker ? It is this theor etical search that indirectly led to the discovery of 
the perturbation- independent Lyapunov decay of Ml (t) ex exp [-At] (jjalabert and Pastawskll200l[ ), which, of course, 



is unable to explain the experimental data. First, it is unclear (at least to the authors of the present manuscript) 
what is the Lyapunov exponent of a NMR Hamiltonian of spins on a lattice; second, the experimentally observed 
saturated decay is Gaussian, whereas the Lyapunov decay is exponential; and most importantly third, the Lyapunov 
decay is observed as the perturbation is cranked up, whereas the experiments observe a saturation upon weakening 
of the perturbation. 

A similar sandwiching as in Eq. (| 1 . 16[) also occurs when one investigates the workability of a quantum com- 
puter. The necessary switching on and off of spin-spin couplings in these machines inevitably generates errors in 
the evolution of entangled many-body states, and Georgeot and Shepelyansky's work on the many-body counter- 
part of the fidelity Ml(£) suggested that error generat ion would proceed at a much fas ter rate in a many-body 
quantum chaotic computer than in a regular computer ( Georgeot and Shepelvanskvl . l2000f h By extrapolation, they 



conclu ded that many-body quantum chaos, in the sen se of interaction-induced mixing of noninteracting many-body 



states ( Jacauod and Shepelvanskvl. 119971: liberal. Il990l) would inevitably render any quantum computer inoperative 



The authors of Ref. ( Georgeot and Shepelvanskvl . l2000h did not consider the fact that the computer can still work 



properly as long as errors can be corrected. Can we put that in mathematical form ? The answer is yes. To see 
how this can be done, we suppose that, for the task at hand, M qubits would be sufficient if the computation were 
performed ideally, i.e. without errors. To allow for error corrections, quantum computers instead work on an ex- 
tended Hilbcrt space of N > M qubits, such that different output states of the computation can be unambiguously 
differentiated, despite error generation. This can be achieved, as long as error generation docs not lead two different 
initial states in the code space to a sizable scalar product. The code space is then a 2 M -dimensional Hilbert space, 
embedded in the full 2 -dimensional Hilbert space of the ./V-qubit Hamiltonian, such that any two states it contains 
cannot be confused, even after a number K of errors has corrupted each of them. This number is in principle a 
function of M and N . Representing the qubits by spin-1/2 and error operators with Pauli matrices, the condition for 
the code space is that for any two iV-qubit states in it, one has 

(*|< 1 ^...CW=0, (1-17) 

with 1 < k < 2K. This condition must hold for any two TV-spin states ipo and ip'o m the code space (not in the total 
Hilbcrt space) and any sequence of Pauli matrices a" 1 acting on different spins labeled n.j. The application of one 
Pauli matrix to any of the N spins counts as one error. The code space is the ensemble of iV-body states, initially 
encoding Af-qubits code states, which, even after K errors remain orthogonal to one another - to each such N— body 
state ipo belongs an error space, spanned by applying a sequence of up to K Pauli matrices on ip , and the so defined 
2 M error spaces are orthogonal to one another. Error correction after a time t is successful if ijj(t) lies in the error space 
of the ideal state to which the initial state ipo sho uld have evolved . Silve strov, Schomerus and Beenakker quantified 
the probability of successful error correction with (jSilvestrov et al ]. l200ll) 

F(t) = |DVW| 2 = (^ \e lHot e lHt 'De- im e- lHot \^ Q ), (1.18) 
K 1 

v = E E ■ ■ ■ <: iv*) ■ ■ ■ <: , (1.19) 

P=0 { n ,a} P ' 

where Hq is the ideal Hamiltonian modeling the computation sequence and H the perturbed ones, generating com- 
putational errors. The projector D plays a role similar to the one played by the polarization operator Iq in the 
polarization echo, Eq. (|1.16p . For a model of randomly interacting Hciscnberg spins on a d-dimcnsional lattice, sub- 
jected (or not) to a magnetic field, Silvestrov, Schomerus and Beenakker obtained a lower bound for F(t) which is 
independent of the integrability of the Hamiltonian, and, perhaps more importantly, of the number M of encoded 
qubits. The appearance of the Pauli matrices in F(t) has the important consequence that the operative time of a 
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quantum computer is increased by a parametrically large pre factor, and that whether many-bod y quantum chaos is 
at work or not is irrelevant. These two facts contradict Ref. ( Georgeot and Shepelvanskv . 2000f). The disa greement 



is of course due to the inclusion (or not) of error correction in the theory, and Ref. ( Silvestrov et aZ.I . l200ll ) included 
them indirectly by invoking rigorous results from nonconstructive theorems - one knows that error correction codes 
exist with certain scaling properties, for instance relating M (how many qubits one needs to perform the task at 
hand) and K (how many errors one estimates must be corrected at most) to N (how many qubits one effectively 
needs in total). In real-life situations, under the assumption that quantum computers exist, it is not at all given that 
optimal error correction codes are easily i mplemented. Therefore, the truth lies so mewhere between the conclusions 
of Ref. (jGeorgeot and Shepelvanskyj . l2000h (assuming no error correction) and Ref. ( Silvestrov et aLl . l200lh (assuming 
mathematically optimal error correction). 

Treating such quantities as the many-body polarization echo of Eq. (|1.16[) . or the fidelity in quantum computers 
with error correction goes beyond the scope of this review, and we do not discuss these concepts further. Still one 
might wonder how much of the original, many-body NMR problem is still included in the single-particle fidelity. In 
the absence of theory for many-body echoes the answer is hard to guess. One line of logic, due to Pastawski, somehow 
follows the celebrated spherical cow paradigm so dear to the heart of many a physicist. It maps an original complex, 
many-body problem to a much simpler single-particle problem. First the full three-dimensional NMR Hamiltonian 
is reduced to a one-dimensional quantum spin chain. The latter is then transformed into a model of noninteracting 
fermions by means of a Jordan- Wigner transformation, and if one restricts oneself to single-spin excitations, the 
problem becomes identical to a single-particle Loschmidt echo problem. Obviously, each of these steps is generally far 
from being exact. The philosophy is instead to investigate simpler toy models that are known to be solvable, while 
trying to retain the subtleties of the original problem - in the case just discussed, one considers a XY model which, 
compared to an Ising model, still contains quantum kinetic terms. It thus seems that, for some specific situations at 
least, single-particle echoes are still indicative of the behavior of many-body echoes. This conclusion is in agreement 
with numerically observed similaritie s (RMT behavior most notably) between com p lex many-body systems and chaotic 
systems with few degrees of freedom dBrodv et al. 1 198 it iFlambaum et all Il996al lbl: iGeorgeot and Shepelvanskyj . Il997t 



120001 ; I Jacauod and Shepelvanskyj . [l997t lAberd . ll99of ) 



There are many instances in physics where one is interested in time-dependent correlation functions of the form 

F(P,t) = (cxp[-zP-f]exp[iff i]exp[iP-f]exp[-iHo<]\. (1.20) 



Examples include sp ectroscopies such as neutron scattering , Mossbauer 7-ray, a nd certain electronic transitions in 
molecules and solids ( Heller et all Il987l ; Ivan Hove] . Il954t lLax , Il974t lLovesevt Il984l ) . More generally, any measurement 



of momentum or position time correlators - or combinations of the two - can be viewed as a fidelity experiment under 
certain phase space displacements. In these spectroscopies, momentum boosts or position shifts take place with little 
or no change in the potential, thus only one Hamiltonian appears in Y"(P,i). In Eq. (|1.20p , the brackets represent an 
ensemble average, which can be a thermal average, or an average over a given set of initial states, f is the position 
operator of the nuclei and Hq is the typical Hamiltonia n of the target system. The thermal ensemble average of the 
correlation function can be written ( Heller et al\ , \l98l\) 



1 f d 1N ib 

Y(P,t) » - J -^^){1>\exp[iHj>t]exp[-iH t]\il>), (1.21) 

where Q = Tr [exp[— /3Ho\], are coherent states with N degrees of freedom, and the thermal weight ^(t/j) — > 
exp[— (3H c i(ib)] at high temperatures. The notation cxp[ii?p<] = cxp[— iP ■ f] cxp[iHot] cxp[iP ■ f] suggests that we 
identify the kernel of the integral 

f(t) = (ip\ exp[-iP • f] cxp[iH a t] exp[iP • f] exp[-iH t]\ip) (1.22) 

with a fidelity ampl i tude, i.e. the kernel of a Loschmidt echo problem. This motivated the investigations of 
Ref. ( Petitiean et aLl . l2007l ). where the momentum displacement echo was introduced, 



M D (t) = \f(t)\ 2 = \(ih\cx P [iH P t}cxp[-iH t}\vb)\ 2 . (1-23) 

This quantity is discussed below in Section III. El The fidelity approach to t he calculation of quantum correlation 
function has also been used and further developed by Vanicek (jVanicekl . 12004) . Other quantities such as the reduced 
and purity fidelity, which are more or less closely a ssociated with the L oschmidt and Boltzmann echoes and the purity 
of reduced density matrices, are discussed in Ref. ( Gorin et all I200H ) . 



Below we deal with many, but not all, of the quantities just introduced. In the context of reversibility in quantum 
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Mathematical definition 
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M L (t) 


Loschmidt echo 


Eq. uni) 


Chapters HT1 and HIT 


M T {t) 


Loschmidt echo with prepared initial state 


Ea. p.25p 


Chapter IIII.AI 


M D (t) 


Displacement echo 


Eq. f|1.23|) 


Chapter [ILEJ 


M B (t) 


Boltzmann echo 


Eq. (|1.15p 


Chapter |IVJ] 


m 


Purity 


Eq. Ijl.lip 


Chapter HV] 



Table I Quantities of central interest in this review and where we discuss them. 



mechanics, Section |TT] and IIII1 our attention focuses on the Loschmidt echo (jl.lj) as well as on the displacement 
echo (jl.23[) . Our discussion on entanglement and decohcrencc follows in Section HVl where it is centered on the purity 
T(t) of the reduced density matrix, Eq. p. lip . The Boltzmann echo of Eq. (|1.15[> is the focus of Section IIV.F1 In 
Table HI we give a list of the quantities of central interest in this review, with a mention of where they are defined and 
discussed. The Loschmidt echo with prepared initial state, Mt(0j will be introduced momentarily. 



C. Scope and goals of this review, and what it is not about 

A low-energy quantum particle occupying the ground-state and perhaps few low-lying excited states of a confined 
quantum system has no choice but to be spatially extended over most of the available volume. This is independent 
of whether the confinement potential is chaotic or regular. It is hard to imagine how external sources of noise would 
affect the dynamics in such a way that it reproduces the classical dynamics of a confined classical point-like particle. A 
direct quantum-classical correspondence obviously presupposes that the considered system is semiclassical in nature, 
in the sense that relevant quantum-mechanical length scales such as de Broglie or Fermi wavelengths are small enough 
compared to classical length scales. Only then is the comparison of the quantum system to its classical counterpart 
meaningful. Stated otherwise, quantum-classical comparison requires that one considers the limit of large quantum 
numbers. This regime is sometimes referred to as the h — > limit, in the sense, for instance, that higher-order term s 
in an expansion in H are neglected - a well-known example being the WKB approximation ( Cvitanovic et aZl . l2005f h 



Particularly useful and appealing approaches in that limit arc semiclassical methods, which are based on expansions 
of quantum mechanical quantities in the ratio u/L <C 1 of a quantum-mechanical length scale v (which below is 
the system's de Broglie wavelength) with a classical length scale L (which in the following is the linear system size). 
The quantum-classical comparison of course goes both ways, and a defining aspect of the field of quantum chaos has 
always been to try and identify clear manifestati ons of the classical phase-spac e dynamics in quantum systems. In 
that sense, the finding of Jalabert and Pastawski (jjalabert and Pastawskill200ll ). that the Loschmidt echo sometimes 



exhibits a time-dependent decay governed by the system's Lyapunov exponent is certainly another strong motivation 
for using semiclassical methods. In this review article we heavily rely on these methods. 

A powerful statistical alternative to semic l assics , also valid in the short wavelength limit, is provided by Random 
Matrix Theory (RMT) (jHaakel . l200ll ; iMehtal . [l99ll ) . RMT was born in nuclear physics in the late 50's and develope d 
into a powerful mathematical theory in the 60's, most notably by Wigner, Dyson, Gaudin and Mehta ( Mehtal . Il99lh . 



Nuclear physicists of the time were trying to understand the spectra of heavy nuclei. Instead of attempting to describe 
the system microscopically - a procedure that is anyway doomed to fail in a strongly interacting system of two hundred 
particles or more, where, additionally, the interaction potential is not well known - Wigner proposed to rely on a 
statistical description of the problem, where the nucleus' Hamiltonian is replaced by a random Hermitian matrix. 
Only general symmetry requirements are enforced, depending on whether the system is time-reversal symmetric, spin 
rotational symmetric, or not. Up to these constraints, one assumes that all entries in the Hamiltonian matrix are 
randomly distributed. This defines three ensembles of random matrices. RMT has b een very successful in providing 
for a statistical des cription of spectra of heavy nuclei and complex systems in general ( Brodv et aLl . [l98ll ; lGuhr et all 
119981 : IMehtal . Il99lh . 

The equivalence between the RMT an d semiclassica l approaches in confined quantum chaotic systems seem to 
hold for two-point correlation functions ( Heusler et all 120071 ; iMiiller et all |2004 ISieberl . l2002t ISieber and Richterl 



l200lf ) (this theory neglect diffraction effects, which might or might not be legitimate). This equivalence is put to 
use numerous times in the present article, and we show below that there is a one-to-one correspondence between the 
RMT and semiclassical decays of the purity of Eq. (jl.lip and of the fidelity of Eq. (jl.ip . under the assumption that 
RMT corresponds to systems with an infinite classical Lyapunov exponent A. This is qualitatively m otivated by the 



absence of finite classical time s c ales in RMT, and by the condit ion for equivalence expressed in Ref . (jHeusler et 



l2007t IMiiller et all , |2004 ISieberl . 120021 ; ISieber and Richterl . l200l[ ) that the underlying classical system has local expo 
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nential divergence with A > 0. Together, these two conditions formally require A — > oo for a full RMT-scmiclassical 
equivalence in the time-domain. In the context of the Loschmidt echo or the purity of reduced density matrices, 
this correspondence is visible already at a purely mathematical/technical level: RMT averages require pairings of 
wavefunction components, which are in a one-to-one correspondence with pairings of classical trajectories required by 
semiclassically motivated stationary phase approximations. This point is further discussed below. 

Throughout this article, our approach is statistical in essence, and we concentrate on calculating quantities aver- 
aged over an ensemble of different initial conditions ipo or perturbations E. For this average to be meaningful, one 
requires that all chosen ipo lie in the same connected region of phase space, and have a similar character. Below we 
consider ensembles of initial Gaussian wavepackets, pure and mixed superpositions of Gaussian wavepackets, as well 
as pure initial random states. Averaging over an ensemble of initial Gaussian wavepackets justifies the stationary 
phase conditions from which all semiclassical results derive. We argue that these averages are meaningful in chaotic 
systems, which exhibit small fluctuations. The situation is more contrasted in regular systems, where averages and 
individual realizations can exhibit strongly different behaviors. While Loschmidt echoes often exhibit a high degree 
of universality - the latter is summarized in Table [ill below - it is worth mentioning that echoes under local pertur- 
bations exhibit interesting specificities that are not present in the echoes under global (or at least strongly non-local) 
perturbations we consider in this review article. Echoes under phase-space displacement are also very special for 
qualitati vely similar reasons. While we will discuss displa c ement echoes below in Chapter III. El we refer the reader 
to Refs. ( Goussev and Richterl . 120071 ; lGoussev~ Mi l2008t iHoehmann et all 120081 ) for theories and experiments on 
echoes under local perturbations. 

One of the first idea that comes to mind when facing the task of calculating CP(t) or Ml(£) is to Taylor expand the 
complex exponentials in these expressions as cxp[±iHt] = 1 ± iHt — H 2 t 2 /2 + and keep only the terms of lowest 
nontrivial order - they turn out to be qua dratic in time. This linear response approach, with various refinements, has 
been reviewed in Ref. ( Gorin et all 120061 ). and we will not discuss it much here. Let us just mention that, in a way 
similar to the semiclassical approach, linear response delivers time-dependent decays given by classical correlators. 

In this review article, we restrict our discussion to quantum ballistic systems, by opposition to quantum disordered, 
diffusive systems. Considered in Ref. ( Adamov et all 120031 ), the latter can be treated using the impurity Green's 
function technique instead of semiclassics or RMT. Perhaps worth mentioning is the prediction that the Loschmidt 
echo in quantum disordered systems may exhibit decays with different rates at different times, even after the initial 
time-transient. In quantum chaotic systems, this can only happen for the echo Mt of an initial state prepared by 



time-evolving a Gaussian wavepacket for a time T with the forward propaga ting Hamiltonian Hq [see Eq . 
Section fill. Al below] . or in intermediate, crossover regimes of perturbation ( Cerruti and Tomsovid . 120021 ) 
details on echoes in quantum disordered systems we refer the reader to Ref. ( Adamov et all 120031) . 
Kottos and co-authors considered a somehow modified version of the Loschmidt Echo of Eq. (|1.1D , 



flOg) and 

For more 



M K (*o,*i) = \(i/Jo\exp[iHti]exp[-iHot ]\ipo)\' 



(1.24) 



with not necessarily equal propagation times to and t\. They found in particular that, somewhat surprisingly, the 
value of t\ which maximizes Mk^ o, t\) is very often different from tp . We will not discuss these works any further 
here, and refer the reader to Refs. (jHiller et all 120061 . 12004 iKottos and Cohenl |2003 ) for details. 

Recently, the fidel ity under time-reversal of many-body systems has attr acted some attention in the context of 
interacting fe rmions dManfredi and Hervieux l 20061 20091; Pizorn et al. 1. 120071) and cold atomic gases or Bose-Einstein 



condensates dBodyfelt et all 120071 : ICucchiettil ; iManfredi and Hervieux l. 
ity ([Alvarez et all 120071: iNg et all 120061: lOuan et all 120061 ; IZanardi et 



2008) 



with some focus on quantum critical- 
20071 ). While generally very interesting, we 
do not discuss these works any further here, as they certainly will soon deserve a review of their own. For the same 



reason, we do not discuss entanglement in many-bqdv systems ([Amico et ~al\ . 120081 : iBrown et all 120071 : ISantod . I2003L 
120061: ISantos and Rigolinl l2005t ISantos et "oil. 12004 IViola and Barnuml . 120061) though we will comment on possible 
routes leading there following our analytical approaches. 



D. Short survey of obtained results 

The behavior of F(t) = !P(i), Ml^), Mb(<), Md(4) or Mt(0 averaged over initial states is qualitatively sketched 
in Fig. [TJ A short-time transient is followed by an asymptotic decay and finally by saturation. The level of saturation 
is easily determined by ergodicity as iV _1 , in terms of the Hilbert space size N, i.e. the number of states in a 
complete orthogonal basis of the system. In a cubic system in d dimensions, one has N = (L/v) d , with v the particle 
wavelength. The short-time transient is generically parabolic, as is easily obtained from short-time perturbation 
theory. Our interest in this review focuses on the intermediate, asymptotic decay regime, which lies between these 
two, somewhat trivial, regimes. For the sake of completeness, we nevertheless mention and sometimes briefly discuss 
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Figure 1 Sketch of the successive decay regimes of F(t) = J'(f), Ml(£), Mb(£), Md(4) or Mr(t) as a function of time. There 
is a short-time transient regime, well captured by first-order perturbation theory in time, followed by an asymptotic decay, 
and eventually by saturation at a value given by the inverse TV" 1 of the size of the considered Hilbert space / the effective 
Planck constant. The asymptotic decay is typically exponential or Gaussian in chaotic systems. In coupling regimes which 
are interm ediate between first-order per turbation theory and golden rule regime, the decay can even be first exponential, then 
Gaussian (|Cerruti and Tomsovid . 12002} ) . In regular systems, the asymptotic decay is typically algebraic, and F(t) usually 
saturates above iV -1 . This sketch corresponds to an average taken, e.g., over an ensemble of initial states. For a given initial 
states, fluctuations are observed, in particular, there is no long-time saturation, and instead one observes quantum revivals. 



the other two regimes whenever needed. In the semiclassical limit, it turns out that the behavior of Ml(£), Msft) 
or Md(4) are closely related, and we therefore first focus this short survey of existing results on the Loschmidt echo. 
These results are summarized in Table HU We next briefly comment on the similarities and discrepancies between the 
Loschmidt echo and the purity, taken either as a measure of entanglement between two sub-systems of a bipartite 
systems, or as a measure of decoherence. At this point, we warn the reader that this survey by no means claims to 
be exhaustive. Our purpose here is to present a comprehensive table summarizing generic echo and purity behaviors. 
Accordingly, we deliberately omit exotic - but certainly interesting - behaviors o ccurring in specific si t uation s, such 
as the fidelity freeze occurring for perturbations lackin g first order contribution 1 Prosen and Znidarid . [20051 ) . or for 
specific choices of initial states (Weinstc in et all 20031), as w ell as parametric changes with time in the decay of Ml 



in systems wi th diffractive impuritie s amov et al. [ |2003D . or in the crossover between two parametric regimes of 
perturbation ( Cerruti and Tomsovid . I2002T ) . 

What determines t he asymptotic decay of Ml ? Quite obviously it should depend on the strength of E, and 
it was shown in Ref. ( Jacauod et all l200l[ ) that the relevant measure for this strength is provided by the average 
golden rule spreading Y = 27r | (ct^ ^ |S|/?(°^)| 2 /<5 of eigenstates of Hq over the eigenbasis {a} of H induced by the 
difference E = H — Hp. Different decay regimes are obtained depending on the balance of Y with two additional 
energy scales ( Jacauod et all l200ll ): the energy bandwidth B of the unperturbed Hamiltonian Hq, and the level 
spacing 5 = Bh c s, with the effective Planck's constant h c g = v d /Q,, given by the ratio of the wavelength volume to 
the system's volume. Parametrically, these three regimes are 

(I) the weak perturbation regime, Y < 5, 

(II) the golden rule regime, 5 < Y <C B, and 

(III) the strong perturbation regime, Y > B. 

These three regimes are differentiated by the behavior of the local spect r al de nsity of perturbed states over the 
unperturbed ones - we come back to this below. In Ref. ( Jacauod et all l200ll ). the golden rule regime was first 
defined by bounds on the strength of the perturbation E for which the local density of eigenstates of Ho over the 
eigenstates of H acquires a Lorentzian shape. Accordingly, the Lyapunov decay Ml(£) oc exp[— Xt] to be discussed 
below occurs in the golden rule regime for the local spectral density of states. 
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exp[-i(?£+L)t]4' exp[i(J£+Z)t]^ 




Figure 2 Wavepacket evolution in a Lorentz gas. The initial wavepacket \tpo) is represented in the top left panel by a small 
dark spot. The large disks are fixed hard-wall scatterers. The top right and bottom left panel show \4>f) = exp[—iHot]\ipo) 
and I^r) = eaqp[—iHt]\ipo) respectively. From the point of view of their spatial distribution, \ipp) and \ipn) look very similar, 
and one would naively expect 1 — Ml(4) <C 1. This is not the case however, as the components of |i/)p) are pseudo-randomly 
out of phase with respect to those of \ipn). This results in a strong discrepancy b etween initial (top left) and final (bottom 
right panel) wavepackets whose scalar product gives f(t). (Figure taken from Ref. (|Cucchietti e t all 20021a), with permission. 
Copyright (2002) by the American Physical Society. |http://link.aps org/doi/10.1103 /PhysRevB.70.03 531l| 

To understand the decays prevailing in these three regimes, we start by making the trivial, though somehow en- 
lightening statement that the decay of Ml is governed by the scalar product (V'rJV'f) of two normalized wavefunctions 
\ipp) = exp[— iH t]\ip ) and |-0r) = exp[— iHt]\ipo)- The magnitude of this scalar product is determined by (i) the 
spatial overlap of the two wavefunctions - a classical quantity, not much different from the overlap of two Liouvillc 
distributions - and (ii) phase interferences between the two wavefunctions - a purely quantum mechanical effect. A 
decay of Ml due to smaller and smaller spatial overlaps is easy to understand at the classical level already. Because 
S = H — Hq ^ 0, both wavepackets visit different regions of space, and the overlap between these two regions decreases 
with time. This mechanism however sets in for a classically sizable perturbation E, in a sense that will be defined 
shortly. Weak perturbations do not sensibly reduce the spatial overlap of \iPf) and even on time scales where 

a significant decay of Ml is observed. Instead, Ml decays due to mechanism (ii) above, i.e. the fact that different 
components of |^p) and IV'r) acquire uncorrelated phase differences generated by S. This mechanism is illustrated 
in Fig. [21 The spatial distribution of the initial state |^o) is depicted in the top left panel, and the top right and 
bottom left panel show its time-evolution under Hq and Hq + S, respectively. Even though the spatial probability 
distributions |(r|^p}| 2 and |(r|V>R)| 2 look almost identical - compare the wave patterns on the top right and bottom 
left panels - Ml is significantly smaller than one because of phase randomization. This can be inferred from the very 
different initial and final probability cloud, | (r|-i/>o) | 2 (top left) and |(r| exp[iHt] exp[— iHot]\i[io)\ 2 (bottom right). 

Strong perturbations on the other hand ergodize exp[iHt] exp[—iHoi\\tf>o} very fast, so that overlaps are not relevant 
either, in the sense that Ml decays with time scales associated with the longitudinal flow, much shorter than the 
typical time scale A of overlap decays. It turns out that overlaps of wavepackets only rarely determine the asymptotic 
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Table II Summary of the different decays and decay regimes for the average Loschmidt echo Ml(J). The treatment of regular 
systems assumes that no selection rule exists for transitions induced by S. This might be hard to achieve in regular systems. 
Accordingly, the power- law decay in the table's fifth row is to be taken with a grain of salt. The asymptotic saturation 
Ml(oo) = iV" 1 at the inverse Hilbert space size is also based on the same assumption. If selection rules exist, Ml saturates 
at a larger value. Exotic behaviors occurring in specific situations such as fidelity freeze (for phase-space displacements or 
perturbation without first-order contribution) have been deliberately omitted from this table. In this table, as in the rest of 
the article, actions are expressed in units of h, which we accordingly set equal to one. 



decay of the Loschmidt echo in quantum chaotic systems. It is in fact the rule rather than the exception that 
Ml decays because of E— induced dephasing of \ip-p) against \ipR) - we are obviously discussing relative dephasing 
due to the absence of E in the forward time-evolution. Additionally, wavcfunction overlaps are rele vant only for 
specific choices of classically meaningful , such as narrow Gaussian wavep ackets, or position states ( Iominl . 12004 
iJacquod et all [2002t I Jalabert and Pastawskill200illVanicek and Hellerl . l2003h . When it is relevant, the overlap decay 
is very sensitive to the dynamics generated by the unperturbed Hamiltonian, but is mostly insensitive to E. 

Let us discuss this more quantitatively. The condition r < S for the weak perturbation regime (I) legitimates the use 
of first-order perturbation theory in E, in which case the relative dephasing between \iPf) and IV'r) is weak and leads to 
a Gaussian decay Ml(£) — exp(— aft 2 ). The decay ra te is given by a\ = (a(°)|E 2 |a(°)) — (a(°) |E|a(°)) 2 , averaged over 
the ensemble {o^ - 1 } of eigenstates of Hq ( Peresl . Il984j ) . The dephasing is of course strongest in the stro ng perturbation 
regim e (III) where it generically leads to another asymptotic Gaussian decay Ml(£) — exp(— B 2 t 2 ) (jjacauod et all 
l200ll ) (perhaps excepting specific systems with pathological density of states) . The intermediate golden rule regime (II) 
is of much interest, in that it witnesses the competition between overlap decay and dephasing decay. For classically 
chaotic systems, the decay of Ml is exponential, Ml(£) — exp[— min(r, A)£], with a rate set by the smallest of 
r - char acterizing dephasing - and the system's Lyapunov exponent A > - characterizing the decay of spatial 
overlaps ( Jacauod et all l200ll ). The physics behind this quantum-classical competition is that both overlap and 
dephasing mechanisms are simultaneously at work here and they both originate from explicitly separable contributions 
to Ml- They are therefore additive. Because they both lead to exponential decays, the decay of Ml is therefore 
governed by the slowest of the two. The situation is different in regular systems, where slightly perturbed wavepackets 
move away fr om unperturbed ones at an algebraic rather than exponenti al rate. Accordingly, one expects a power-law 
decay of Ml ( Jacauod et all [20031 ) (see also Ref. ( Emerson et all 120021 )). T hese results are summ arized in Table HT1 

The rough classification presented here is based on the scheme of Ref. ( Jacauod et all l200ll ) which relates the 
behavior of Ml in quantum dynamical systems with sm ooth potentials to th e Fourier transform of the loc al spectral 
density of eigenstates of Hq over the eigenbasis of H ( Jacauod et all l200ll ; IWisniacki and Cohenl . l2002[h Accord- 
ingly, regime (II) corresponds to the range of validity of Fermi's golden rule, where the local spectral density has a 
Lorentzian sha pe (iFrahm and Muller-Groeline], 19951; iFvodorov and Mirlinl . Il995l ; IJacquod and Shepelvanskvl . 1 19951 : 
IJacquod et aZl . l200ll ; IWignerl . ll955l ; IWisniacki and Cohenl . I2002D . A s imilar correspondence ha s been emphasized be- 
tween the local spectral density of states and the return probability ( Cohen and Hellen . l2000l ). It should be stressed 
however that the Fourier transform of Ml(£) would be equal to the local spectral density of states, in exactly the 
same way as the return probability, only if the initial state ipo were an eigenstate of Hq (or of H). The choice of ipo is 
largely irrelevant in the golden rule regime, but it is essential that tpo is classically meaningful (a narrow wavepackct 
or a position state) for a decay rate given by the Lyapunov exponent. 

Other investigations beyond this qualitative picture have focused on devi ations from the behav ior oc 

expj— min(r, X)t] in regime (II) due to action correlations in weakly chaotic systems (Wang, 2008: Wa ng et aZ.I . |2003 . 
120081 ). Quantum disordered systems with diffractive impurities (not with smooth potentials) have been predicted to 
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exhibit gold en rule decay o c exp[— Tt] and Lyapunov decay cx cxp[— At] in different time intervals for otherwise fixed 
parameters ( Adamov et all 120031 ) . while another crossover has been shown to occur between an exponential decay at 



short times and a Gaussian decay at long times in the cross over regime between (I) and (II) (jCerruti and Tomsovid . 
l2002h . Let us finally mention Ref. (|Garcia-Mata et all . l2003h which showed that, for open systems, the Lyapunov de- 



cay of Ml(£) — Ml(oo) is fo llowed at times larger than the Ehrenfe st time (to be defined below) by a decay governed by 
Ruelle-Pollicot resonances ( Cvitanovic et alll2005l : lRuellel . ll986 a.b). While certainly interesting from a mathematical 



point of view, this decay is barely noticeable in practice and we will not discuss it any further. 

Investigations of the dependence of Ml on the choice of the initial state considered the Loschmi dt echo for a prepared 



initia l state tpT = exp[— iHoT]ij)Q obtained by evolving a Gaussian wavepacket "00 during a time T (jKarkuszewski et all 
12002b . One is then interested in the quantity 

M T {t) = \{^ T \exp[iHt]cxp[-iH t]\^ T )\ 2 

= \{i/jo\exp[iHoT}exp[iHt}exp[-iHot}exp[-iH T}\i/jo)\ 2 . (1.25) 

The preparation time obviously does not lead to additional dephasing, and therefore the perturbation-dependent 
decay exp[— Ft] does not depend on T. However, the wavepacket spreads during the preparation, and therefore, the 
overlap of the two wavefunctions \iPf) = cxp[— iH$t] exp[— iHqT] \ipo) and IV'r) = exp[— iHt] exp[— iHoT]\ipo) picks up 
an additional dependence oc exp[— AT], which turns the L yapunov decay into o c exp[— A(i + T)]. These results are 
discussed in Section ["II. El They were first obtained in Ref. ([Jacauod et all |2002[ ). 

The displacement echo Mo(i) introduced in Eq. (|1.23[) is remarkable in that the perturbation does not lead to 
dephasing between otherwise unperturbed trajectories. In the regime S < T <C B, Md(*) oc cxp[— Xt] only decays 
because the momentum displacement leads to the decrease of wavefunction overlaps. This is not the full story, however, 
as for small displacements, this overlap cannot decay to its minimal, ergodic value. In this case, the short-time (but 
still asymptotic) exponential decay with the Lyapunov exponent is followed by a quantum freeze at a displacement- 
dependent value which can exceed the ergodic value TV -1 by orders of magnitude if the displacement is small. It seems 
that the easiest way to observe direct manifestations of the classical Lyapunov exponent in quantum mechanics is the 
displacement echo. It is remarkable that, according to both trajectory-based semiclassics and RMT, the purity 7{t) 
of the reduced density matr ix in bipartite i nteracting dynamical systems exhibits the same phenomenology as Mj„ u p 
to short- time discrepancies (Fuiisaki et a/J . [2003l ; |Jacauodl . l2004al ; Petitiean and Jacauodl . [2006al ; lTanaka et qll . l2002t ). 



provided one replaces 5, B and T with two-particle level spacing and bandwidth <5 2 and B 2 and the interaction-induced 
golden rule broadening T 2 of two-particle states. For 7(t), the Lyapunov decay goes into the sum of two exponentials 
with both particle's Lyapunov exponent, cxp[— Xt] — > cxp[— Xit] + cxp[— X 2 t]. Mathematically speaking, the parallel 
behaviors of Ml and 7(t) come from the fact that both semiclassics and RMT rely on pairing - of either classical 
trajectories (motivated by a stationary phase approximation), or of wavefunction components (origi nating from t he 
assumed RMT invariance of the distribution of eigenfunction components against basis transformation ( Mehtal . [l99ll )L 



This effectively leads to a decay of f(t) given by either dephasing generated by the coupling between particles, or the 
decay of overlaps of two initially identical wavefunctions evolving under two Hamiltonians differing by their coupling 
to a second particle with different initial conditions. After RMT pairing of wavefunction components or semiclassical 
pairing of classical paths, the mathematics of 7(t) is mostly the same as that of Ml(£)- 

We now know that the purity J'(t) and the Loschmidt echo Ml(£) have essentially similar behaviors, in that the 
decays they exhibit are in a one-to-one correspondence. What about the Boltzmann echo ? Its definition, Eq. (|1.15[) . 
puts it somehow in between 7 it) and Ml(£), one thus expects that it exhibits the same variety of decays. This is 
indeed the case, up to the important caveat that the rate of all perturbation dependent decays is given by the sum 
of a term depending on the accuracy with which the system is time-reversed and a term depending on the coupling 
between the two subsystems. Also, there is no dependence on the dynamics of the uncontrolled subsystem since the 
corresponding degrees of freedom are integrated out of the problem, and the symmetry exhibited by J'(t) between the 
two subsystems is lost. 

With this we end this voluntarily short and nonexhaustive survey of previously obtained results. Before going into 
details of the derivation of these results, we give the outline of this review. 



E. Outline 

In Section [TTJ we discuss reversibility in quantum dynamical systems with few degrees of freedom. We focus on 
the Loschmidt echo, Eq. (|1.1[) . and describe both the semiclassical and the RMT approaches in some details. This 
lays the foundation for the use of these analytical methods in later sections. Using these two methods of choice 
in this review, we calculate both the average fidelity and its mesoscopic fluctuations, computed over ensembles of 
spatially distinct, but structurally similar initial states. In the last two Chapters of Section|TTl the discussion digresses 
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somehow from Ml towards the more specific, but experimentally relevant displacement echoes, for which we stress 
the connections and the differences with the standard Loschmidt echo. In Section IIIII we revisit several aspects of 
the Loschmidt echo, this time following a phase-space approach. The approach is partially motivated by recent 
discussions on sub-Planck scale structures in the Wigner functions. Their existence is well established and certainly 
not put in doubt, however, we comment on whether they are relevant for understanding quantum reversibility and 
decoherence. While there is no observed behavior of the Loschmidt echo that cannot be explained by analytical real- 
space methods, our phase-space approach based on Wigner functions is very instructive in emphasizing the quantum- 
classical competition between the two sources of decay of Ml - dephasing due to imperfect time-reversal and decay of 
overlap of initially identical wavepackets evolving with two di fferent dynamics. It complements, and does not invalidate 
arguments relating dephasing to sub-Planck scale structures ( Karkuszewski et aZ.I . |2003 : IZurekj . l200lh ■ In Section HVl wc 
address the problem of how entanglement between two dynamical sub-systems is generated once they start to interact. 
Here, in some similarity with Section [Til we witness a quantum-classical competition between coupling-induced and 
dynamically- induced generation of entanglement. In Section IIV.FI we discuss realistic reversibility experiments in 
presence of coupled uncontrolled degrees of freedom - the problem of the Boltzmann echo. There, the fidelity decay 
rate is bounded from below by the unavoidable generation of entanglement with the uncontrolled d egrees of freedom. 
We argue that this might well have been observed experimentally in Ref. ( Pastawski et all l2000f ). Conclusions and 
final discussions are presented in Section fVl 



II. IRREVERSIBILITY IN QUANTUM MECHANICS - THE LOSCHMIDT ECHO 

Our aim in this chapter is to investigate quantum irreversibility in dynamical systems with few degrees of freedom by 
means of the fidelity of Eq. (jl.ip . We stress right away that, despite frequent claims to the contrary, our investigations 
have little - if anything - to do with the second law of thermodynamics, Boltzmann's ii-theorem, and the emergence 
of irreversibility in large systems with macroscopic numbers of interacting degrees of f r eedom . A probabilistic solution 
to the irreversibility par adox and the Bol tzmann-Loschmidt controversy ( Loschmidtl . Il876h wa s already given in the 



late nineteenth century (jBoltzmannl . 118961 ) and, with certain refinements, still holds to this day (|LebowitzUl999j ). The 
argument can straightforwardly be extended to q uantum m e chani cs - both quantum and classical macroscopic systems 
become irreversible in essentially the same way ( Lebowit3 . Il999t ). The situation is however different for microscopic 



systems with few degrees of freedom. Simple mechanisms of irreversibility already exist at the microscopic level in 
chaotic classical systems with few degrees of freedom, where the properties of ergodicity and mixing ensure that, 
after a sufficiently long evolution, two initially well separated phase-space distributions evenly fill phase-space cells 
on an arbitrarily small scale (of course smaller scales require longer evolutions). Since phase-space points can never 
be located with infinite precision - one might think of unavoidable round-off errors in numerical simulations, external 
sources of noise or finite measurement resolution - irreversibility sets in after mixing has occurred on a scale smaller 
than the typical phase-space resolution scale. This mechanism cannot be carried over to quantum systems, however, 
mostly because the Schrodinger time-evolution is unitary, in either real- or momentum-space, and that a phase- 
space resolution on a scale comparable to Planck's constant is sufficient (see however Section IIIII for a discussion of 
sub-Planck scales in phase-space representations of quantum mechanics). The coarse-graining of phase-space that 
is effectively brought by unavoidable finite resolutions of the state of the system, and which is one of the two key 
ingredients of the just described scenario for classical irreversibility, is obviously less efficient in quantum systems - 
they are discrete by nature. Micros copic quantum system s are generically stable under time-reversal, even when their 
classical counterpart is irreversible ( Shepelvanskvl , [l983h . 



This picture is however incomplete. Peres, pointing out that quantum systems can never be considered isolated, 
suggested accordingly to investigate quantum irreversibility at the microscopic level through the fidelity [we rewrite 

Eq. unj] 

M L (t) = \(ih |cxp[^]cxpHff t]|^o)| 2 , (2.1) 

with which a quantum stat e ijjg c a n be reconstructed by inverting the dynamics after a time t with a perturbed 
Hamiltonian H = Hq + £ ( Peresl Il984j) . Because of its connection with the gedanke n time-reversal experiment 



proposed by Loschmidt in his argument ag ainst Boltzman's H-theorem (iLoschmidtl Il876l ). Ml has been dubbed the 



Loschmidt echo by Jalabert and Pastawski ( Jalabert and Pastawskil 12001 ). hence the subscript "L" in Eq. (|2.1[) . The 



present section is concerned with the calculation of Ml as a measure of reversibility for small quantum dynamical 
systems. We first present a semiclassical calculation, which we then compare to a RMT calculation. Our analytical 
predictions are next confirmed by numerical experiments. We finally investigate an offspring of the Loschmidt echo, 
the displacement echo defined above in Eq. (|1.23[) . 
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A. Semiclassical approach to the Loschmidt echo 

Semi classical approaches have b e en successfu ll y ap p lied in various forms t o the calculation of t he fi- 



delity (ICerruti and Tomsovid, 120021; ICombescurd l2005t ICombescure and Robertl. 12007); ICucchietti et all. 12004 ; 
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Jacauod et all. 12003c IJa labcrt and Pastawski . 2001; P etitiean and JacquodL I2005t IVanicekL I2004t IVanicek and Heller 



20031: IWang et all. 120071. l2005HWang and Lil .l2005l). It is probably fair to say that, while these works certainly ampli- 
fied on Ref. (jJalabert and Pastawskil 120011 ) and improved it. they mostly only confirmed the most important result 
obtained there, that under certain circumstances, the quantum mechanical fidelity in chaotic dynamical systems 
decays at a rate determined by the classical Lyapunov expone nt. The search for classical Lyapunov expon ents in 
quantum mechanics is a celebrated probl em in quantum chaos (lHaakel l200ll lHaake et al. Ul992l ; lPereslll993h . and a 
significant part of the importance of Ref. ( Jalabert and Pastawskil l200ll) was to analytically predict that the decay of 
Ml(£) can sometimes be governed by Lyapunov exponents. This is not the first occurrenc e, however, of a Lyapunov 
exponent in the time-evolution of a quantum system. Zurek and Paz ( Zurek and Pazl . ll994f ) predicted that the rate of 
increase of the von Neumann entropy S of an inverted Harmonic oscillator weakly coupled to a sufficiently warm heat 
bath would increase linearly with the rate A;ho at which two neighboring trajectories move exponentially away from 
one another, dtS = Xih . They called Aiho the system's "Lyapunov exponent", though strictly speaking, the inverted 
harmonic oscillator is intcgrable with a vanishing Lyapunov exponent - its inverse parabolic potential generates sen- 
sitivity to initial conditions but no folding. They nevertheless made the leap of faith that, under the same conditions, 
chaotic dynamical systems with true positive Lyapunov exponent A > have dtS = A. This is certainly not a trivial 
step, as truly chaotic systems not only exhibit local exponential instability, but stretching, contracting and folding of 
phase-space distributions, which certainly have an effect on wavepackct dynamics. Yet, Zurek and Paz's prediction 
was later confirmed by Miller and Sarkar in their numerical analysis of the kicked rotator - a model that c an be 
tuned to be truly chaotic - coupled to a bath of noninteracting harmonic oscillators ( Miller and Sarkari Il99 9a). The 
intuition gained in the study of the inverted oscillator seems to be valid, at least up to some extent. The question is 
still whether such occurrences of classical Lyapunov exponents in quantum mechanics require large heat bath, and if 
they are restricted to the high temperature regime, as suggested by subsequent refinements of the theory of Paz and 
Zurek. Perhaps more importantly, can one analytically investigate quantal systems with a well-defined, truly chaotic 
limit in the mathematically rigorous definition discussed above and predict the emergence of a Lyapunov-drivcn 
behavior of some of its properties in a well-defined regime of parameters ? 

Jalabert and Pastawski gave a positive answer to the first part of that question, but only specified that their 
approach is valid for a quantum mechanically large, but classically weak perturbation. They made no comment on 
what this quantitatively means. That second, equally important part of the question was answered by Jacquod, 



Silvestrov and Bcenakker (IJacauod et al 



20011 ) who obtained precis e parametric bounds and quantitative estimates 



a precis e 

for the validity of the theory of R ef. dJalabert and Pastawski . l200~ll ) from a comparison of semiclassics with RMT. 
To make a long story short, Ref. ( Jacauod et all . 200lh argued that, first, in a regime to be determined, the decay 
of Ml is given by the sum of the two semiclassical decays cx cxp[— Tt] + c xp[— At], both terms being mul tiplied by 



prefactors of order one. This implicitly follows from the calculation of Ref. ( Jalabert and Pastawskil l200l[ ). but was 
not explicitly stated there. Second, by analogy with RMT, which relates the decay of Ml with the Fourier transform 
of the local density of states - the energy-resolved projection of eigenstates of Ho over the basis of eigenstates of 
H - the decay term cx ex p|— Tt] was predicted to occur whenever the l ocal spectral density of states is Lorentzian. 
Ref. (jjacquod et all . 1 2 lh concluded that the regime of validity of Ref. ( Jalabert and Pastawskil 1200 ll ) is defined by 
the regime of pertu rbation leading to a Lorentz i an local density of states. A RMT approach identified this regime a s 
S < T < B in Ref. (jFrahm and Muller-Groelind . [l995l ; lFvodorov and Mirlinlll995l ; |jacquod and Shepelvanskvtll995f) . 
based on rather general grounds. It thus appears that quantum mechanically large means that the perturbation 
broadens eigenstates to an energy width larger than the level spacing, thereby making the spectrum effectively 
continuous, while classically weak means that this broadening must be much smaller than the system's bandwidth. 
When these two conditions are met, the above argument predicts Ml oc exp[— min(T, X)t]. Looking back, these 
statements and this line of reasoning sound almost trivial. It is theref ore important to reca ll that the range of 
applicability of the semiclassical theory of Ml was not known before Ref. ( Jacauod et all . l200ll ) . 

Semiclassical methods apply to the case of classically relevant initial states ip$, such as the narrow Gaussian phase- 
space wavepackcts considered in this chapter. Real-space semiclassics also relies on stationary phase approximations, 
which implicitly assumes that enough action phase has been accumulated on the considered classical trajectories, 
and for times at least shorter than the time it takes to resolve the discreteness of the quantum spectrum - beyond 
that, purely quantum effects set in which are not captured by semiclassics. These points, which we rephrase more 
quantitatively below, have to be kept in mind - the method presented in this section applies to the regime of asymptotic 
decay and of saturation of Ml, but not to the short-time initial transient regime. Additionally, as just mentioned, 
the perturbation S has to be quantum-mechanically large - semiclassics as presented in this chapter does not apply 
to the first-order perturbation regime - but classically small. The semiclassical results to be presented in this chapter 
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thus are not valid outside the regime defined by S < T < B (jjacquod et aZ.I . l200lh . These gaps in the theory will be 

filled in the next section on RMT. 

Here we extend the work of Jalabert and Pastawski ( Jalabert and Pastawskil 200lh bevond the sp ecial case of an 
extended impurity perturbatio n potential. It was inde e d poi nted out in Ref. ( Jacauod et all |2003| ) (but probably 
known to the authors of Ref. ( Jalabert and Pastawskil . I200lf that only bounds on the decay in time of classical 
correlators matter in the semiclassical calculati on of Ml ~ at least up to a ph e nomenological consta nt which eventually 
can be related to the golden rule spreading T ( Cerruti and Tomsovid . [20021 : iJacquod et aUl200lh . The semiclassical 
calculation of the average Loschmidt echo has already been described in great details in several publications, therefore 
we only repeat the steps that are required to make this section self-consistent. 



1. Ensemble average 

The semiclassical approach to the Loschmidt echo requires that the initial state is classically meaningful, that it 
is either a position state or a narrow wavepacket in phase-space. Scmiclassics can also be extended to coherent or 
incoherent superpositions of such states, provided one can neglect the mutual overlap of the different states in the 
superposition. In this chapter, we consider an initial narrow Gaussian wavepacket i^o( r o) = (ni> 2 )~ d / 4 exp[ip • (r' — 
Tq) — \r' — Tq\ 2 /2v 2 ] in d dimensi ons. To time-evolve it, we use the semiclassical approxi mation for the time-evolution 
kernel discussed in Appendix \M ijCvitanovic et all 120051 : iGutzwilled . Il990t iHaakel l200lh 

(r| ex P Hff i)|^o) - [ dr' £ A'f °(r, r' ; i)V>o( r o), (2.2a) 

£,1/2 

K?°(r,i> ;t) = — ^exp[iSf°(r,r^) - i*H./2]. (2.2b) 

The semiclassical propagator K^°(r, r' ; t) is expressed as a sum over classical trajectories (labeled s) connecting r and 
Tq in the time t. For each s, the partial propagator contains the action integral S^°(r, r' ; t) along s, a Maslov index 
fi s , and the determinant C s of the stability matrix. Once this time-evolution is inserted into expressions involving 
more than one time-evolution operator, quantum coherent effects can be captured via nontrivial phase interferences 
involving two or more classical trajectories with different action phases. In the cases investigated in this review, such 
nontrivial effects already occur at the level of diagonal pairing, setting classical trajectories pairwise equal to one 
another, where one element of the pair feels the effect of the perturbation (corresponds to H) while the other one 
does not (as it corresponds to Ho). 

What is the range of validity of the semiclassical approach ? To answer this question, one needs to discuss the 
hierarchy of important time scales we consider in this review in some more details. The semiclassical propagator, 
Eq. (|2.2b[) . is derived from the Feynman-Kac path integral expression for the quantum time-evolution operator, once 
a stationary phase condition is enforced. The latter requires that the action phase accumulated on almost all paths in 
the path integral (not only the classical ones) is much larger than 1 (in units of K) . This requires a minimal time which 
can be estimated as r m j n = 1/E, with the energy E of the system. For larger times, the Hamiltonian flow generates 
enough action phase to justify a stationary phase condition. The approach also breaks down at longer times, and 
certainly loses its validity once the discreteness of the spectrum is resolved, i.e. for times longer than the Heiscnbcrg 
time th = h/5 with the level spacing S of the system considered. (This time is determined by a standard uncertainty 
relation with the level spacing, hence its name.) Earlier breakdowns can occur due to the proliferation of conjugate 
points, and it has been numerically observed that the semiclassical approach permits to calculate the time evolution 
of smooth, initially localized wavepackets with a reasonable accuracy up to algebraically long ti mes in the effective 
Planck's constant oc Q(h~g) (with a > 0) (jrleller and Tomsovid Il993 ; iTomsovic and Hellerl . Il99lh . The semiclassical 



methods employed in this review are not applicable outside the time interval [r m i n , th]. This interval is parametrically 
very large in h c g in the semiclassical limit. 

Beside these two quantum time scales, classical time scales limit the applicability of our approach in that they give 
bounds for some statistical assumptions we have to make as we go along. Closed chaotic systems are characterized 
first by the time of flight Tf = L/v, i.e. the time it takes to cross the system once. This time is however so small - 
the velocity of the particle becoming larger and large in the semiclassical limit - that we neglect it altogether and set 
it equal to zero. A second important classical time scale is the Lyapunov time A -1 , roughly giving the time it takes 
for local exponential instability to set in. Next one has the ergodic time r org measuring the time it takes for an initial 
condition to have visited most of its available phase-space. This time scale is also assumed to be very short. Still one 
has to keep in mind that the sum rules we employ are often justified by ergodicity assumptions which break down 
at times shorter than r crg . There remains one important quantal time scale to discuss, and it is the Ehrenfest time 
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Figure 3 Diagrammatic representation of the average fidelity Ml and the trajectory pairings leading to the Lyapunov decay 
oc exp[— Xt] (for chaotic systems - for regular ones this contribution gives an algebraic decay), the golden rule decay oc exp[— Ft] 
and the long-time saturation of Ml- The semiclassical fidelity is expressed as a four-fold sum over unperturbed (solid lines) 
and perturbed (dashed lines) classical trajectories (left-hand side). This sum is reduced to single and double sums after 
semiclassically motivated stationary phase conditions are enforced (right-hand side). The exponential decay with the Lyapunov 
exponent (first term on the right-hand side) goes into an algebraic decay for regular systems (see Table Hi)) . 



te = X~ l \n.L/v. This time is logarithmic in h e s = v/L, is always much shorter than th in the semiclassical limit, 
and gives bound for the onset of coherence effects in semiclassics. In summary, our semiclassical approach is valid 
in a parametrically large regime of time, bounded from below by either a classical ergodic time or the time it takes 
to accumulate enough action phase to justify stationary phase approximations, and bounded from above by a time 
algebraically large in K e g, which is smaller or equal to the Heisenberg time it takes to resolve the discreteness of the 
underlying quantum spectrum. 

Within the semiclassical approximation the fidelity reads, not so elegantly, 

M L (t) = f dr f rfroi I dr 2 M^oi^qM J2 K "°( r ^oi]t) [K^(r,r 02 ;t)]* 

x J dr'J dr' 01 J dr' 02 rMMr'02) E K°( r '. r oi!*)]* K(r' ,r' 02 ;t) . (2.3) 

This expression is easily obtained by inserting four semiclassical time-evolution kernels, Eq. (|2.2|) . into Eq (|2.1jl . The 
fidelity is given by a six-fold integral over initial and intermediate (at time-reversal) positions, with additionally a four- 
fold sum over classical trajectories. To reduce this to a useful, tractable expression, one first notices that because tpo 
is a narrow Gaussian wavepacket centered on ro, one can linearize the integrand in roi = i"o + 5roi and r' oi = ro + Sr' oi , 
then perform the resulting (Gaussian) integrals over initial positions. The second step is to enforce semiclassically 
motivated stationary phase conditions that reduce the four-fold sum over classical paths to three dominant terms, 
two involving a two-fold sum, one involving a single sum over classical paths. The structure of the semiclassical 
approximation to the average fidelity at this stage is sketched on the right-hand side of Fig. [3] Classical trajectories 
are represented by a full line if they correspond to H$ and a dashed line for H, with an arrow indicating the direction 
of propagation. For a given initial condition ro, each contribution consists in four classical paths connecting ro to two 
final evolution points r and r'. 

The motivation for enforcing a stationary phase condition on the action phase differences S Sl (r, ro; t) — S S2 ( r , r o; t) 
and 5*83 (r, ro; t) — S Si (r, ro; t) appearing in Eq. (|2.3p - the phases are contained in the partial semicassical propagators 
K s , see Eq. (|2.2p - is that we calculate the fidelity averaged over an ensemble of initial Gaussian wavepackets ipo. As 
the center of mass ro of these initial states is moved, the phase differences fluctuate, so that the only contributions 
that survive the average are those which minimize these fluctuations. The dominant such contribution is obtained 
from the diagonal approximation si = s 2l S3 = S4. But how can this be justified, given that si t 3 are classical 
trajectories generated by Hq, while $2,4 correspond to a different Hamiltonian H = Hq + £ ? The answer is that 
setting si = s 2 for two trajectories generated by two different chaotic Hamilto nians H = Hq + S is justifie d by 
shadowing and the structural stability of hyperbolic systems for n ot too large E dKatok and Hasselblattl. 1996). In 



the c ontext of the fidelity, this point was first mentioned in Refs. ( Cerruti and Tomsovid . 20021 ; Vanicek and Hellerl . 



120031) . and we discuss it further below in Chapter llI.EI Here we only mention what this qualitatively means. Structural 
stability/shadowing theorems state that almost all trajectories of slightly perturbed classical hyperbolic systems come 
in a one-to-one correspondence with the trajectories of the corresponding unperturbed hyperbolic system, in that for 
each unperturbed trajectory, there exists a perturbed trajectory which remains in its immediate vicinity. The two 
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trajectories do not share endpoints in general, but it does not matter for our purpose here, all we need being that 
they stay a distance less than the quantum mechanical resolution apart. Setting Si = S2 thus means that we chose S2 
to be the shadow of si. 

While strictly speaking shadowing and structural stability theorems apply to uniformly hyperbolic systems only, 
numerical investigations have shown that generic chaotic systems also display structural stability and shadowing 
of trajectories upon not too strong perturbations ( Grebogi et all Il990h . Therefore, setting si = S2 is justified for 



chaotic systems. There is no such principle that justifies setting the diagonal pairing of trajectories in regular or 
intcgrable systems, however, and, despite several convincing numerical confirmations, the results on regular systems 
to be presented below must be considered cautiously. Sort of ironically, the calculation to be presented is more reliable 
for chaotic than regular systems. But this makes a lot of sense, given that universality applies to chaotic systems, not 
to regular ones, which typically exhibit largely fluctuating system-dependent behaviors. 

After the linearization around i"o and this first stationary phase approximation, Ml(£) is reduced to a double sum 
over classical paths s and s' and a double integration over coordinates r and r', 

M L (i) = {v 2 /Tt) d J dr J dv'Y,CsC s ,eMi$S s (r,r ;t)-i5S s ,(r',T ;t)} 

S,S f 

x exp(-^ 2 |p s - po| 2 - v 2 \p s , - po| 2 ), (2.4) 



with 5S s (r, Tq; t) = S^ 1 (r, ro; t) — S^°(r, ro; t). Our strategy next is to differentiate between contributions in Eq 
where the trajectories s and s' are correlated (s ~ s', within a spatial resolution v) from those where they are not. 
We call the correlated contribution the diagonal contribution, and the uncorrelated one the nondiagonal contribution 
by some abuse of language, even though both contributions already emerge from the diagonal approximation s\ ks S2 
we made to go from Eq. (|2.3p to Eq. (|2.4p . These two sets of contributions are quite different in essence, and they 
lead to fundamentally different decays. We argue in Appendix [S] that the decay of the diagonal contribution is 
governed by the decay of the overlap of \tpp) = exp[— iHot]\ipo) with |-0r) = exp[— iHt]\ip }, while the behavior of 
the nondiagonal contribution is determined by the S-induced dephasing between the wavepacket propagating along 
s and the one propagating along s' . Consequently, the diagonal contribution have a classical decay determined by 
the disappearance of wavefunction overlap. The latter occurs exponentially fast in chaotic systems, due to their 
characteristic exponential instability of neighboring orbits, but is much slower, it is in fact algebraic, in regular 
systems. Simultaneously, the decay of the nondiagonal contributions is governed by perturbation-generated dephasing 
between the forward and backward propagation along s and s' . Because we neglected the effect of the perturbation on 
the classical trajectories - an approximation that was justified by invoking structural stability and shadowing - this 
dephasing is of purely quantal nature. It typically leads to an exponential decay in chaotic systems, and to a Gaussian 
decay in regular systems which often have surviving correlations. The Gaussian decay is however often masked because 
in regular systems, the diagonal contribution generates a much slower algebraic decay. We also note that the diagonal 
contribution sensitively depends on whether Hq is regular or chaotic, while the nondiagonal contribution is generically 
insensitive to the nature of the classical dynamics set by Hq, provided that the perturbation Hamiltonian E induces 
enough mixing of eigenstates of Hq, and in particular that it has no common integral of motion with Hq. 

In addition, there is a third contribution depicted in Fig. [3] which corresponds to the long-time saturation of Mi,(t). 
We seem to be the first to notice that the latter can also be calculated semiclassically. To see this, one has to go back 
one step before the diagonal approximation leading to Eq. (|2.4I) . After one performs the linearization around ro on 
Eq ([12]), one has 

M L (t) = (^/nf fdvf dr> J2 ^°(r,ro;i)[A^(r,r ;t)]*[A^(r',ro;t)]*<(r',ro;t) 

Sl,S 2 ,S 3 ,S4 

xexp(-^ 2 [|p Sl - Pol 2 + |p S2 - Pol 2 + |p S3 -Po| 2 + |p S4 -p | 2 ]/2). (2.5) 

Pairing the trajectories as s\ — S3 and S2 = S4 cancels exactly all action phases. On the negative side, this pairing 
simultaneously requires r ~ r' within the wavelength resolution v, a restriction that results in a reduction of its 
contribution by a prefactor h c s. The calculation of this term is described in Appendix IA1 and we do not repeat it 
here. One gets a time-independent contribution 

MlM = h oS Q(t > r E ), (2.6) 

corresponding to the long-time saturation of Ml- This term requires that uncorrelated paths exist between ro and 
r ~ r' (see the rightmost contribution sketched in Fig. [3]) and therefore does not exist for times shorter than the 
Ehrcnfest time te = A _1 | ln[fi, c g]|. 



23 



With all this we write 

M L (t) =M[ j d) (t)+M[ j nd) (0+M L (oo). (2.7) 

The trajectory pairings that lead to these three terms are summarized in Fig. [3] The above splitting of Ml(£) into 
three terms is not only mathematically convenient, it is physically meaningful. The first term is phase-independent 
and we are momentarily going to argue that it decays with the decay of the overlap of ipo evolving under Hq with 
itself, when it is evolved under H = Hq + E. It is of purely classical origin - this is generic of scmiclassically 
computed terms of maximal diag onal pairing (another example is the Drude conductance in the semiclassical theory of 
transport ( Baranger et aZ.l . ll99lf O. The second term is perturbation-dependent and within the semiclassical approach, 



it decays with the variance of the phase difference accumulated along paired trajectories due to the presence of the 
perturbation. Strictly speaking, it is also a diagonal contribution. Its quantumness, however, originates in that the 
perturbation E affects the action phase accumulated along only one of the trajectories. In other words, dephasing due 
to S is taken into account. The third contribution finally corresponds to the unbreakable, time-independent, ergodic 
core of Ml(£), i.e. that part which correspond to minimal overlap of two random, ergodic wavefunctions. On average 
they are not orthogonal (this would require a degree of correlation which gets lost in the long time evolution under 
two different Hamiltonians) and this is why Ml(£) saturates at a finite value inversely proportional to the Hilbcrt 
space volume. Let us have a quick look at these decays and their origin in some more details. 

The calculation of all these contributions is presented in Appendix [AJ The decay of the nondiagonal contribution 
is governed by the action phases accumulated on the uncorrclated paths s =/= s' . It is thus legitimate to perform the 
phase averaging separately for s and s' with 

(exp[i8S.]) = exp(-A(<5S 2 )) = cxp ^-f jf dt J d?(S[q(t)]E[q(F)]) 



Here q(i) lies on path s with q(0) = ro and q(t) = r. In Ref. ( Jalabert and Pastawskil . l200ll ). a specific assumption 



was made about the perturbation potential, that it corresponds to a random distribution of extended impurities. This 
gives an exponential decay of the correlator in Eq. (|2.8p . Here we go beyond this approach, noting that, for chaotic 
systems, one gencrically observes fast decays of correlations. Under the assumption that E and Hq have no common 
integral of motion, so that 5S S fluctuates fast and randomly enough, the correlator of E decays fast with time, which 
gives the golden rule decay 

M^ d) (t)ocexp(-rt), with Tt=l f dt f (E[q(t)] E[q(i')]}, (2.9) 

2 Jo Jo 

regardless of whether H is chaotic or regular. This conclusion, that the golden rule decay holds whether H is 
regular or chaotic, can also be obtained via a fully quantum mechanical approach based on random-matrix theory 
assumptions for E, in which case the invariance under unitary transformations of the distribution of E is sufficient to 
obtain the exponential decay M[ nd (t) cx exp(— Ft), irrespective of the distribution of Hq. However it has to be noted 
that the whole argument relies on the assumption that the perturbation correlator in Eq. (|2.9p decays faster than 
t -1 , also in regular systems. While perturbations can be tailored to meet this assumption, there are certainly cases 
where the correlator oscillates in time or even saturates at a finite, nonzero value at large times. Seve ral instances 



have been recorded where the decay of "M^jt) in reg ular systems is Gaussian rather than exponential (jGorin et all , 
120061 : iProsen et all . 120031: H rosen and Znidarid 120021 ). This might reflect the nondecaying behavior of the correlator 
of E, but also indicates that the diagonal contributions do not exist, presumably because of lack of shadowing of 
unperturbed classical orbits by classical ones, i.e. the double diagonal approximation is not justified there. 

The calculation of the diagonal contribution is detailed in Appendix [Ol With Eqs. (|A"8j) . (|A"9"|) . JAIOj) . and IjAlip . 
Eq. (|2.4[) gives for the diagonal contribution to the Loschmidt echo 

M[ d \t) = (v 2 /ir) d J dr + J dr_^C s 2 cxp(-i[/rr 2 _)cxp(-2 l , 2 |p s -p | 2 ), (2.10) 

with r = t/6 for regular systems and r = A _1 (l — cxp[— Xt]) ~ A -1 for chaotic systems, and U is defined in Eq. (| A 111) 
from the correlator of derivative of E, 

(9 t E[q(t)]^-E[q(t')]) = USijSfjt- t'). (2.11) 



The rest of the calculation is straightforward. The Gaussian integration over r_ = r r' ensures that r ps r', and 
hence r + = (r + r')/2 « r. One further uses one C s (which is the determinant of a Jacobian) to perform a change 
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of variables from r + to p s . For the remaining C s we take into account the algebraic stability of regular systems with 
C s cx t~ d (regularized at short times with t ) to be contrasted with the exponential instability of chaotic systems with 
C s oc exp[— At]. One finally arrives at 

t~ d , regular systems with Ut < v~ 2 , 
M^\t) cx \ t" 3d / 2 , regular systems with Ut > v~ 2 , (2.12) 
exp[— At], chaotic systems. 

These decays are rather insensitive to the choice (jAlip of a J-function force correlator. Even a power-law decaying 
correlator cx |t — t'\~ a reproduces Eqs. ()2.12|) at large enough times, provided a > 1. These diagonal decays make 
a lot of sense, they actually agree rather well with our intuition, based on decays of overlaps of classical phase- 
space distributions. Translating the perturbation - which is assumed to be classically small - into slight phase-space 
displacements, one expects that the local exponential instability of chaotic systems leads to an exponential decay of 
these overlaps - this i s confirmed by wo r ks on the classical fidelity, a t least in some regime ( Benenti and Casatil . 120021 : 
iBenenti et ail |2003afbl : lEckhardtJ . l2003t iProsen and Znidarid 12002 ) . 

Our semiclassical approach thus predicts that, up to the long-time saturation at the effective Planck's constant, the 
Loschmidt echo is given by the sum of the diagonal and nondiagonal terms, 

t~ d , regular systems with Ut < v~ 2 , 
M L (t) = M[ d) (t) + M[ nd) (t) cx { t- 3d / 2 , regular systems with Ut > v~ 2 , (2.13) 

ae~ xt + e _rt , chaotic systems. 

These results are valid in the asymptotic regime, past the initial parabolic transient (see Fig. [1]), and as such they 
lose their validity at short times - Eqs. (|2.13[) does not predict a singularity at t = for regular systems, nor Mi^t = 
0) = 1 + a > 1 for chaotic systems ! The predicted decays are parametric in essence, and are smoothly connected 
to the initial, short-time transient decay via weakly time-dependent prefactors of order one. This is confirmed by 
numerical works. It has to be kept in mind that the results given in Eq. (|2.13p are averages over an ensemble of initial 
Gaussian wavcpackets ipQ. This is required to justify the semiclassical stationary phase approximations from which 
these results derive. 

Still the dominant, diagonal contribution to the fidelity for regular systems has been derived under the assumption 
that correlations decay fast enough, Eq. (|A11[) . This is not always satisfied in regular systems, where it is actually 
the rule, rather than the exception, that correlators such as the one in Eq. (|A11[) decay more slowly than t _1 , i.e. 
a < 1. Assuming a constant correlator 

(a j E[q(t)]a j S[q(t')]) = U%j (2.14) 

results in r = t 2 /8 in Eq. (|2. 10[> . which leads for U't 2 /8 > v~ 2 to an accelerated, but still power-law decay of the 
diagonal contribution to the fidelity, Ml^) cx t~ 2d , in regular systems. We believe that the decay of the average 
fidelity in regular systems is generically algebraic, however, the exponent with which Jd^t) decays can vary from case 
to case. It is well possi ble that the fidelity calculated for individual ipp exhibits different behaviors, as the Gaussian 
ones reported in Refs. ( Gorin et all 120011 ; IProsen et "o/]. l2003L lP rosen and Znidaridl2lj0"2t ). since it is an average over 



an ensemble of ipo that effectively leads to the integral over r_ in Eq. (|A12[) . Without that integration, one has a 
Gaussian time-dependence. 

In both regular and chaotic systems, the decay of M[" d '(f) reflects the stability of nearby orbits, C s cx exp[— At] 
for chaotic, C s cx t~ d for regular systems. This is not the full story in regular systems, however, where the correlator 
(|ATT|) contributes another t~ d/2 for Ut/6 > v~ 2 , or t~ d for U't 2 /8 > v~ 2 Compared to the "class ica l fidelity" 
t he overlap of classical phas e-space distributions ( Benenti and Casatil . 120021 IBenenti et al. |, l2003allbl : lEckhardtl 



120031: [P rosen and Znidaricl 120021 ) . the quantum fidelity decays faster in regular systems, because dephasing does not 
totally decouple from overlap. The same effect also occurs in chaotic systems where, however, it gives a subdominant, 
algebraic correction to the exponential Lyapunov decay of overlaps. This is hardly noticeable. 

Given the respective specificities of classical and quantum mechanical dynamics, and the structure of their equations 
of motion, it is at first glance quite surprising to observe Lyapunov exponents in the dynamics of quantal systems as 
directly as in the decay of the Loschmidt echo. The semiclassical approach presented above is however transparent 
enough that one can trace back the origin of the Lyapunov decay to the stability of chaotic classical trajectories. 
One concludes that the fidelity decays exponentially at the Lyapunov rate in precisely the same way as the overlap 
of two classical phase-space distributions, initially identical, but evolving under the influence of two slightly different 
Hamiltonians. Wisdom comes with experience and once this mathematical observation is done, having a Lyapunov 
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Figure 4 Diagrammatic representation of the squared fidelity M L (t). (Figure taken from Ref. (jPetitiean and Jacauodl . I2005T ). 
Copyright (2005) by the American Physical Society.) 



decay does not come as a surprise after all. But this is only one side of the story, which in particular neglects the second 
contribution to the Loschmidt echo, the one we called nondiagonal and which carries quantum coherence. In chaotic 
systems, wc have seen that diagonal and nondiagonal contributions decay exponentially with time, so that their sum 
decays effectively with the weakest of the two decay rates, Ml(£) oc exp[— minf r, A) i\. This a very s imple formula, 
which initially looked too simple to be true, even to two of the authors of Ref. (jjacquod et all l200lh where it first 
appeared. It actually contains a lot more physics than meets the eyes at first glance. Most of all, it states that quantum 
mechanically strong, but classically weak perturbations can generate a decay of Ml(£) which is totally governed by 
dephasing. There is thus a parametrically large regime where external perturbations have no observable classical 
dynamical effect, yet lead to the decay of the Loschmidt echo. In that regime, the handwaving argument, that Ml^) 
decays because the perturbation first leads to a small phase-space displacement which is subsequently exponentially 
amplified by the underlying classical dynamics is incorrect. It neglects the fact that pairing of trajectories is still 
possible between two slightly different Hamiltonian. This is the second surprise, and this time it remains a surprise 
even retroactively! It is concepts so deeply rooted into classical dynamics as shadowing and structural stability that 
allow dephasing to occur so fast that the perturbation at its origin has effectively no dynamical effect. In that regime, 
dephasing or decoherence cannot be apprehended by paradigms based on phase-space displacements. 



2. Mesoscopic fluctuations 



Fluctuations of a physical quantity often contain more information than its average. For example, quantu m signa- 
tures of classical chaos are absent of the average density of states, but strongly affect spectral fluctuations ( Haakd . 
2001). Here, we investigate the fluctuations of the Loschmidt echo as the initial state is modified. We will see that 
Lyapunov exponents can be extracted from the fluctuations of Ml over a larger range of parameters than from the 
average of Ml- However no fu ndamentally new physics emerges from fluctuations. 

Ref. ( Silvestrov et all l2003f) presents the first investigation of the properties of Ml beyond its average. It shows 
that, for classically large perturbations, T ^ B, M l is dom inated by very few exceptional events, so that the fidelity 
for a typical initial st ate is better described by exp [ln(MT,)1, and that Ml does not fluctuate for times longer than the 
Ehrenfest time. Ref. ( Petitjean and Jacqu od. 2005]) snowed however that these conclusions do not apply to the regime 
of classically weak but quantum-mechanically strong perturbation, instead they are valid when the perturbation is 
classically large. In that regime, Ml(<) measures what c an still be successfully recovered after a hopelessly imperfect 
time-reversal operation is performed. Accordingly ref. ( Silvestrov et all |2003| ) states that some recovery is possible 
if the time-reversal operation is performed soon enough that the perturbation has no time to propagat e ergodically . 
Some numerical data for the distribution of Ml in the weak perturbation regime were presented in Ref. ( Gorin et al\ . 
120041) . Here, we focus on chaotic systems - we discuss only very briefly fluctuations of Ml in regular or intcgrable 
systems at the end of this section - and investigate the behavior of the variance <t 2 (Ml) of the fidelity in the golden 
rule regime from a scmiclassical point of view. 

We want to calculate M 2 . Squaring Eq. (|2.3p . we see that it is given by eight sums over classical paths and twelve 
spatial integrations. We use the same tricks as for the average fidelity, first that spatial integrations over initial 
wavefunction coordinates can be brought to Gaussian form after the corresponding integrands have been linearized 
around rn - eight of the twelve spatial integrals can be calculated in this way - and second to identify stationary 
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Figure 5 Diagrammatic representation of the averaged fidelity variance <t 2 (Ml) and the three time-dependent contributions that 
dominate semiclassically, together with the contribution giving the long-time saturation of <t 2 (Ml). There is no exp[— 2r£]-term. 
(Figure taken from Ref. fPctitica n and Jacquodl . 120051 ). Copyright (2005) by the American Physical Society.) 



phase solutions justified by our averaging over ro. The starting point is 
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,(*)= / 11^ E cxpW^-^-ttS/2)] U C ^{-) eM-vVsM (2-15) 

J j=i s»;i=l j ^ ' 



JVC- 



Here we introduced the staggered sum 3 = Xii=o( — -OH/^i+i ~^s 2i+ 2) of Maslov indices and the momentum difference 
5p Si — p Si — po- The right-hand side of Eq. (|2.15p is schematically described in Fig. 0J where, as before, classical 
trajectories arc represented by a full line if they correspond to Hq and a dashed line for H, with an arrow indicating 
the direction of propagation. In the semiclassical limit S s S> 1 (we recall that actions are expressed in units of h), 
and upon average over ipo, Eq. (|2.15[) is dominated by terms which satisfy a stationary phase condition, i.e. where 
the variation of the two differences of action phases 



= (n , r ; t) - S»° (r 2 , r ; t) + Sg° (r 4 , r ; t) - S*> (r 3 , r ; t), 
$ H = ££(1-1,1:0; t) - S*(r 2 ,r ;t) + S*(r 4 , r ; i) - S£(r 3 ,r ;t), 



(2.16a) 
(2.16b) 



has to be minimized. These stationary phase terms are easily identified from the diagrammatic representation as those 
where two classical trajectories s and s' of opposite direction of propagation are contracted, i.e. s ~ s' , up to a quantum 
resolution given by the wavelength v. As mentioned above, contracting s (generated by Hq ) with s' (generated b 



H = Hn + S) is justified by the structural stability of hyperbolic systems for not too large E (jKatok and Hasselblat 
I1996D . Paths contractions are represented in Fig. [S] by bringing two lines together in parallel. Contracting cither 
two dashed or two full lines allows for an almost exact cancellation of the actions, hence an almost perturbation- 
independent contribution, up to a contribution arising from the finite resolution v with which the two paths overlap. 
However when a full line is contracted with a dashed line, the resulting contribution still depends on the action 
SS S = — J £(q(t),i) accumulated by the perturbation along the classical path s, spatially parametrized as q(f). 
Since we are interested in the variance a 2 (Ml) = (M L ) — (Ml) 2 (this is indicated by brackets in Fig. O we must 
subtract the nonconnected terms contained in (M L ), i.e. those corresponding to independent contractions in each of 
the two subsets (si, s 2 , s 3 , s 4 ) and (S5, sq, S7, sg). The result is that all contributions to <t 2 (Ml) require pairing of 
spatial coordinates, | r.j — Vj \ < is, for at least one pair of indices i, j = 1, 2, 3, 4 - in particular, this has the consequence 
that there is no exp[— 2rt]-term. 

With these considerations, the four dominant contributions to the fidelity variance are depicted on the right-hand 
side of Fig. \E[ We calculate them one by one in Appendix I A. 3 1 

The first one corresponds to si = ,s 2 ~ S7 = sg and s 3 = s 4 ~ S5 = sq, which requires ri ~ r 3 , r 2 ~ r 4 , it gives a 
contribution 



er 2 = a 2 exp[-2At], 



(2.17a) 



where a is the same as in Eq. (|2.13[) . 

The second dominant term is obtained from si = s 2 ~ sj = sg, s 3 = s 4 and S5 = sg, with ri ~ r 3 , or equivalcntly 
.si = s 2 , S7 = sg and s 3 = s 4 ~ S5 — sg with r 2 ~ r 4 . This term comes therefore with a multiplicity of two, and one 
obtains 

a\ ~ 2aexp[-At] exp[-ri]. (2.18) 
The third and last dominant timc-dependent term arises from either s\ = S7, s 2 = sg,, s 3 = s 4 , S5 = sg and r 4 ~ r 3 , 
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or si = S2, S3 = S5, S4 = S6, S7 = S8 an( l r 2 — i"4- It thus also has a multiplicity of two. One gets, 

a\ ~ 2ft cff exp[-r<]e(t- r E ). (2.19) 



This term exists only for times larger than the Ehrcnfcst time. For shorter times, t < te, the third diagram on the 
right-hand side of Fig. O goes into the second one, and the corresponding contributions is included in erf. It emerges 
at larger times and renders hopeless to witness the Lyapunov decay after te- 

Subdominant terms are obtained by higher-order contractions, for instance setting r 2 ~ r4 in the second and third 
graphs on the right hand-side of FigO They either decay faster, or are of higher order in K e $, or both. We only discuss 
the t erm which gives the dominant long-time saturation at the ergodic value <t 2 (Ml) — h 2 s , and refer the reader to 
Ref. (|Petitieanl . l2007h for a detailed calculation of subdominant terms. For t > te, there is a phase- free, hence time- 



independent contribution with four different paths, resulting from the contraction S\ = S7, s 2 = s 8 , s 3 = s 5 , s 4 = ,s 6 , 
and ri ~ r3, r2 ~ r±. Its contribution is sketched as the fourth diagram on the right-hand side of Fig. [3 It gives 

/ 2 \ ^ /* 9 
°l = f^rj ( J dv.dv^Cs^ expf-^^+^Jie^-ln-rsI)) . (2.20) 

From the sum rule of Eq. (|A3|) . and again invoking the long-time crgodicity of the semiclassical dynamics, Eq. (|A31[) . 
one obtains the long-time saturation of a 2 (Ml), 

al = h 2 eS Q(t-r E ). (2.21) 

Note that for t < t e , this contribution does not exist by itself and is included in a 2 , Eq. (|2.17|) . 

According to our semiclassical approach, the fidelity has a variance given to leading order by the sum of the four 
terms of Eqs. (l2~T71) . ((2~T8l) . (l2~T9l) and (|2~2TT) 

(J s 2 c (Ml) = a 2 exp[-2Ai] + 2aexp[-(A + T)t] + 2h cS exp[-rt]6(t - r E ) + h 2 cff Q(t - r E ). (2.22) 

We see that for short enough times - before ergodicity sets in and the saturation of Ml(^) — fi. e ff and <t 2 (Ml) — fi-eff 
is reached - the first term on the right-hand side of (|2.22p dominates as long as A < T. For A > T on the other hand, 
<7 2 (Ml) exhibits a behavior tx exp[— (A + T)t] for t < te, turning into cx H e g exp[— Tt] for t > te- Thus, in contrast 
to the average Loschmidt echo, its variance allows to extract the Lyapunov exponent from the second term on the 
right-hand side of Eq. (|2.22j) even when A > T. Also one sees that, unlike the strong perturbation regime T ^> B 
( Silvestrov et al Ml continues to fluctuate above the residual variance ~ h 2 s up to a time ~ T 1 1 In H e s | in 



the semiclassical regime B > T > A. For r ^ A, r _1 | ln^offl 3> te and Ml fluctuates beyond te- 

The above semiclassical approach breaks down at short times for which not enough phase is accumulated to 
motivate a stationary phase approximation. This time is very short, of the order of the inverse energy of the particle, 
i.e. 0(h^ s ), where a > depends on the system dimension and the energy-momentum relation. For E cx p 2 and in 
two dimensions, one has a = 1. The short-time behavior of <t 2 (Ml) can instead be calculated using a RMT-bascd 
perturbative approach, which we present in the next chapter. 

In principle, the fluctuations of the Loschmidt echo in regular systems can also be calculated semiclassically. How- 
ever, compared to the average echo, fluctuations contain higher order correlations, and the already daring assumptions 
we made when calculating the average echo for regular systems become even much riskier for the fluctuations. There- 
fore we here only mention that blindly applying the approach presented in Chapter III. A. II replaces Eq. (|2.17|) with 
a\ oc t~ a , a = 2d or 3d, depending on the relation between the correlator (|A11[) and v 2 [this relation evolves in time 
from a = 2d at short times to a = 3d at longer times, see the discussion below Eq. (|2.12p ], This term then dominates 
the total fluctuations. While it is quite realistic to expect the survival of larger fluctuations for longer times in regular 
systems, this result should obviously be taken with a rather big grain of salt. It is actually expectable that in regular 
systems, fluctuations are dominated by exceptional events that are hard to capture with our statistical approach. 

What have we learned from this calculation of the mesoscopic fluctuations of the Loschmidt echo ? Saddly enough, 
not much. It seems that, except at short times, the behavior of the fluctuations are merely reproducing the behavior 
of the average - there is no novel regime that does not exist for the average, no new physics emerging from fluctuations 
that is not present in the average. On the positive side, we see that fluctuations are not large in chaotic systems, thus 
the average echo is representative of individual events in chaotic systems. 
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3. Afterthoughts on the semiclassical approach 



The two semiclassical time-dependent contributions to the Loschmidt echo, Eqs. (|2.9p and (|2 . 12[) are diagonal 
contributions they both follow from setting Si ~ s 2 in Eq. (|2.3[) . The "supcrdiagonal" contribution, giving the 
Lyapunov decay, is clearly classical in nature - its origin can be traced back to the asymptotic behavior C s oc exp[— Xt] 
of the determinant of the stability matrix, whose elements arc given by derivatives of classical actions along a single 
trajectory as a function o f the initial and f i nal po sition of that trajectory. There is no quantumness in that object. 
Yet, the authors of Ref. ( Cucchietti et ali l2002b| ) present numerically obtained exponential decays of Ml(£) with 
the Lyapunov exponent which, they claim, goes on beyond the Ehrcnfcst time. If this were truly the case, that 
would invalidate our argument about the classicality of the Lyapunov decay. It is however important to identify the 
relevant classical length which goes into the definition of the Ehrenfest time. An example is given by the spectrum 
of Andrecv billiards - ballistic billiards in partial contact with a superconductor - where the relevant Ehrcnfcst time 
scale Tg = — A -1 ln[7i c ffTp] differs from the st andard definition by a logarithmic correction in the avera ge return time 
td of a quasiparticle to the superconductor ( Schomerus and Jacquodl . T2005l ; IVavilov and Larkinl . [2003i) . The point is 
howeve r that different definition s of te differ only by a classical quantity. In the case of the Lorentz gas investigated 
in Ref. (jCucchietti et aZ.I . l2002bt ) . there are two different te that can be defined, depending on whether one compares 
the wavelength of the particle with the size £ of the scatterers or the system size. The Lyapunov decay observed in 
Ref. ( Cucchietti et ali l2002bl ) stops at the Ehrenfest time defined with the system size. The fact that the Lyapunov 
decay extends a bit beyond A _1 ln£/i/ is of marginal importance and does not invalidate our conclusion that the 
Lyapunov decay is classical in nature. 

In recent years, semiclassics has achie ved a degree of sophistication which allo ws to calculate contribu- 



tions beyond the diagonal approximation dHeusler et ali 2006 : Jacquod and Whitnevl. 120061; [Muller et ai , 2004 ; 
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Petitiean etaH l2008t iRahav and Brouweii [20051 120061; iRichter and Sieberl . l2002t ISieberl . 120021 ; ISieber and Richter 



Whitney and Jacauodl 20061 ; Whitney et all 20081 ) , and one might wonder if these weak-localization corrections 



would sensitively affect the decay of Ml- A direct calculation of these corrections in the context of the Loschmidt 
echo has not been performed to this day, however we will argue below, in the context of RMT, that these corrections 
are subdominant, in that they give 0(7V _1 ) corrections at t = and decay exponentially with time at a rate given by 
P. Still, it would be interesting to find out if a weak localization to Ml exists with a Lyapunov dependence. 

To close this chapter on the semi classical appro ach to the Loschmidt echo, let us briefly discuss Vanicek's elegant 



de-phasing representation approach ( Vanicekl . l2004f ). It rewrites the fidelity amplitude f(t) (with Ml(^) = 1/(01^ 



/(*) 



dqdp VK 0O (q, p) exp[iAS(q, p; *)], 



(2.23) 



in terms of the Wigner function W^ (q, p) of the initial state, and the action difference A5(q, p; t) due solely to 
the perturbation acting on the classical trajectory of duration t starting at (q, p). Compared to the theory we just 
presented, this treatment is perhaps more elegant in that it treats in a unified way golden rule and Lyapunov decays, 
without the need to split the calculation into diagonal and nondiagonal contributions. This new approach, so far, 
has only confirmed what was already known from earlier semiclassical theories as presented above. Its application to 
specific problems in, e.g., chemical reactions looks very promising, however. 



B. Random matrix theory of the Loschmidt echo 

We next calculate Ml under the assumption that both Hq and H are quantum chaotic Hamiltonians that display 
RMT eigenvector component statistics. To be more specific, we assume that the complex coefficients of the expansion 
of ipo over the eigenbasis of Hq and H, 



N N 
a— 1 a— 1 



(2.24) 
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satisfy, t o lead i ng order in N \ the inverse number of basis states dBerrvl . H977al iGuhr et al. |, Il998t iMirlinl . 120001: 
iPrigodinl . Il995t iPrigodin et all , Il994h 



(a(°%o) 



(c#o) = 0, 



(a( )|^o)(^o|/3W)(7 (0) l^o)(^o|^) = (a|V>o>(^n|/3)< 7 |V>o><V'o|<5) 



(2.25a) 
(2.25b) 
(2.25c) 



The bars denote averages taken over an ensemble of r andom Hamiltonians (up to constraints of hermiticity and 
time-reversal or spin rotational symmetry ( Mehtal . Il99lh ) and the above equations hold for generic choices of ipo, m 
particular excluding cases where ipo is an eigenstate of the Hamiltonian under consideration. Note that in Eq. (|2.25cl) , 
we neglected the contraction 5 a ^8p.s which exists only in time-reversal symmetric systems and leads to a subdominant 
weak localization c orrection oc exp [ — Tt]/ N. The RMT approach to the Loschmidt echo was first mentioned, but not 
described in Refs. dJacauod et al. 1. 120011) More detai l s wer e given later on in Refs. (ICerruti and Tomsovid 120031: 
ICucchietti et all l2002at iGorin et a?.! , 12004 iHiller et aLl . I2006T ) . Refs. (IStockmann and Schaferl . |2004 12005D calculated 
the average fidelity amplitude using supersymmetric methods (jEfetov . 1997t Haakel 2001 ). which proved to agree 
extremely well with numerics on random matrices remarkably accurately. Most spectacularly, a partial recovery of 
the fidelity amplitude at the Hciscnbcrg time th was emphasized. It is unclear how much of these fin dings affect the 
fideli ty itself. Here we sketch the so far unpublished approach that led to the results presented in Refs. ( Jacquod et all 
120011) . 



1. Ensemble average - leading order 

Our strategy in the RMT calculation of the Loschmidt echo is to insert the resolutions of the identity 



JV 



N 



i = £i« (0) x« w> i = Ei a >< a i 



(2.26) 



a=l 



into Eq. (|2.ip . With Eqs. (|2.25p . the average Loschmidt echo (and its variance, sec below) then depend on the 
projections of the eigenstates of Hq over the eigenbasis of H. The dominant term is 



M L (i) = 



l£|< a |/?(o))|2 eX p[i(£ a -4 0) )t] 



a, @ 



(2.27) 



with the eigenvalues and E a of H and H respectively. It is seen that RMT relates the fidelity to the local 
spectral density of states, 



Pick 



,(jb)= Ek^ (0) )i 2 ^+4 0) -^ 



(2.28) 



a relationship which, it seems, cannot capture the Lyapunov decay ( Cohenl . [2002t|ja"cquod et aZ.I . l200lh ■ Three regimes 
of perturbation ar e differentiated with the level spacing <5, the golden rule spreading T = 27r|(a!( )|E|/3( ))| 2 / 5 and 
the bandwidth B (iFrahm and Muller-Groeling . 1995 ; Fvodorov and Mirlinl . Il995t iJacauod and Shepelvanskvl , Il995t 
iJacauod et aIl . l200ll ; IWigneil . ll955HWisniacki and Cohenl . l2002t) . Thev are 



s a ,p, r < 5, 

|(a|^(0))| 2 = { {T5/2K)/[(E a -Ef ] y+T*/Al 5 < F « B, 

N-\ T > B, 



(2.29) 
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From these expression and Eq. (|2 . 2T[) one obtains the three asymptotic decays of the average Loschmidt echo, to 
leading order 

!exp[— <Tit 2 ], r < S, regime (I), 

cxp[-rt], 6 <r< 5, regime (II), (2.30) 
exp[-5 2 i 2 ], r > B, regime (III), 

with the RMT result <j\ = TrE 2 /iV. The contractions in Eq. (|2.25| also give us the long-time saturation 

M L (oo) = A/"" 1 . (2.31) 

The equivalence between semiclassics and RMT in the golden rule regime is achieved assuming that RMT corresponds 
to a chaotic system with infinite Lyapunov exponent, and thus vanishingly small Ehrcnfest time. 

Let us also note that the short-time parabolic decay Ml(£) = 1 — (J 2 t 2 , with the RMT average a 2 = a 2 , is 
equally easily obtained after the time-evolution exponentials are Taylor expanded to second order, exp[±i_ffo^] = 
l±iHot — H 2 t 2 /2 + 0(HQt 3 ). Finally, assuming a normalized perturbation operators E with a spectrum of eigenvalues 
in the interval [— e,e] - this requires a scaling of its matrix elements as Ey ~ V^-cff ~ RMT gives the parametric 
estimates 



eff ) 



2 

CT o,i 



2 /Bti; 



(2.32) 
(2.33) 



and accordingly, the condition for the golden rule regime, 6 < T < B translates into BH 1 ^ 2 < e/h cfi < B. This 
range is parametrically large in the semiclassical parameter Ti c r <C 1. Still it requires a vanishing T <C Bh e g which 
legitimates to invoke shadowing when constructing a semiclassical theory. 

It is interesting to note that the RMT contractions leading to the dominant decay terms, Eqs. (|2.30p . is in direct 
correspondence with the first diagonal approximation si — S2 done in the semiclassical approximation to obtain 
Eq. (|A6[) . What do we mean by that ? Semiclassically, one writes the fidelity amplitude as 

{Me im e -iH t li)o) = I drdr / dr /, J- K^(r,r^t)[K^(r,r^t)}*(r' a \^) (^|r£). (2.34) 

si,s 2 

Invoking next the narrowness of the initial state tpo and enforcing a stationary phase condition leads to r' = Tq and 
s% = S2- RMT on the other hand expresses the fidelity amplitude as 

(Me im e- iHot \^o) = ^(^le^'lTXTle-^'la^X^l^^ol^). (2.35) 

Similarly to setting r' = Tq and pairing the trajectories in Eq. (|2.34|) . Eq. (|2.35p requires to set oj(°) — f3^ . No 
further pairing of trajectories, nor contractions are required to obtain the golden rule decay. Similarly, the long-time 
saturation term is obtained within RMT by contractions similar to the trajectory pairing giving Eq. (|A21|) . 



2. A quick and incomplete remark on weak localization 



Eq. (|2.25c[) generates subdominant terms which exist only in presence of time-reversal symmetry. These 
are usually called weak localization corrections, in analogy with coherent corrections to electronic trans- 
port ( Akkermans and Montambauxl . l2007t llmrvl . l2002h . The calculation of these terms proceeds along the same 
lines as for the leading order contribution to Ml, and it is seen that they lead to initially (t = 0) subdominant contri- 
butions of order 0(iV _1 ), furthermore having an exponential (golden rule regime) or Gaussian (strong perturbation 
regime) time-dependent decay. These corrections are only marginally relevant at best and it is doubtful that they can 
be observed numerically, mostly because the prefactor in front of the golden rule decay Ml oc exp[— Tt] is determined 
by the initial transient and is therefore system-dependent. In our opinion, there is unfortunately no way one can 
unambiguously observe these weak localization corrections. 

Weak localization corrections have yet to be calculated using semiclassics, and it is therefore unclear at this time 
whether they exhibit a A-dependence or not in regime (II). Strictly speaking, there is no weak localization correction 
in the perturbative regime (I) , in the sense that no additional term exists in presence of time-reversal symmetry that 
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disappears when this symmetry is broken. Note, however, that a 2 itself depends on the eigenfunctions of Hq. We 
finally note that there is no weak localization correction for the initial parabolic transient either, as the average decay 
rate an does not directly depend on H - 



3. Mesoscopic fluctuations 



The variance <t 2 (Ml) can also be calculated using the RMT approach just used for the average Loschmidt echo. In 
the golden rule regime (II) , the semiclassical result of Eq. (|2.22p is replaced by 



2 ^ — Vt ^ 

^RMT = 



(2.36) 



These two terms correspond to the two A-independent terms in the semiclassical variance of Eq. (|2.22[) . once again 
illustrating the one-to-one correspondence between semiclassics at infinite Lyapunov exponent and RMT in the golden 
rule regime. RMT allows to explore the short-time regime preceding the semiclassically reachable regime, and to get 
the short-time behavior of a 2 (Ml), we Taylor expand the time-evolution exponentials exp[±iH/ \t] 

2 



H 2 Q) t 2 /2 



1 ± iH (0) t - 



0(H^t 5 ). The resulting expression for <t 2 (Ml) contains matrix elements such as (ipo\H§\^o) , a 



1,2,3,4, whose mesoscopic average are evaluated using Eqs. (|2.25[) and their generalization up to the product of 
eight coefficients (t/>o| q ^°' ) ) (Mirlin, 2000). Keeping non-vanishing terms of lowest order in i, one has a quartic onset 

ct 2 (M l ) ~ (4-^f)t 4 for * « (Tq 1 , with a a = [((V>o|£ 2 |V'o) - (M^o) 2 )] 1/2 ■ RMT gives (4 -^f) oc (YB) 2 , with 
a prefactor of order one. From this and Eq. (|2.22p one concludes that j 2 (Ml) has a nonmonotonous behavior, i.e. it 



first rises at short times, until it decays after a time t c which one can evaluate by solving u 2 c {t c ) 
regime B > V > A one gets 



\Tb) 



1 - A 



/ ntn \ 4/2+d 
a 2 {t c ) * (TB) 2 (^) 



\Tb) 2Td + °{ X \TBi 



4A 
2 + d 



2/2+d 



(YB) 2 t 4 c . In the 

(2.37a) 
(2.37b) 



Here, we explicitly took the t-dcpcndcncc a(t) = a^ d into account [see Eq. (|2. 1 . We further estimate an oc 
(rA) _d / 2 by setting the Lyapunov time equal to few times the time of flight through a correlation length of the 
perturbation potential. This is generically the case for simple dynamical systems such as billiards or maps. We then 
obtain a 2 (t c ) oc (B/\) 2d/2+d > 1. Because < M L (t) < 1, this value is however bounded by M^(t c ). Since in the 
other regime r <C A, one has cr 2 (t c ) ~ 2?t e ff[l — (2fi. c ff') 1 ^ 4 \/r/ B] we predict that <J 2 (t c ) grows during the crossover 
from r -c A to Y > A, until it saturates at a non-self-averaging value, a(t c )/Mh{t c ) ~ 1, independent of H e s and B, 
with possibly a weak dependence on Y and A. 

These considerations conclude our analytical calculation of the Loschmidt echo, its average and fluctuations. Our 
findings extend the standard universality connecting RMT and semiclassics in chaotic systems. This relation is 
somehow less trivial in the time domain considered here, where the Lyapunov exponent enters the game. It is largely 
absent of spectral correlations, where the equivalence of the two approaches only requires to have chaos, i.e a positive 
Lyapunov exponent, independently of its precise values - important time scales include the period of the shortest 
periodic orbit of the Hcisenberg time which are not related to the Lyapunov time in any way. Here, we have seen that 
the equivalence between RMT and semiclassics is only complete when A — > oo. When this is not the case, still with 
A > 0, details of the spatial dynamics that are absent of RMT sometimes influence the decay of the fidelity, leading 
in particular to its Lyapunov decay. 



C. Lyapunov exponent, what Lyapunov exponent ? 

Our calculation show that the Lyapunov exponent in the time-evolution of the fidelity emerges from the determinant 
C s of the stability matrix, which has the asymptotic form C s oc exp[— At]. Physically, this stability can be related to 
the decaying overlaps of slightly displaced wavepackets. The Lyapunov exponent is, rigorously speaking, defined as a 
long-time limit of the local exponential stretching due to the chaotic dynamics ( Lichtenberg and Liebermanl . Il992l ). 
and the above asymptotic form is valid only at large times. The numerical experiments we are about to present, on 
the other hand, show a Lyapunov decay of the Loschmidt echo for rather short times. One might thus wonder what 
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really is the observed Lyapunov exponent, and whether it really is connected with the system's true, mathematically 
defined Lyapunov exponent. 

Classically, the answer would be to invoke the ergodicity of chaotic systems in order to replace the l ong-time 
average one takes when numerically determining the Lyapunov exponent (see Ref. ( Benettin et all Il976l )) with a 



spatial average over a set of homogeneously distributed phase-space initial conditions. This is actually what we do in 
our numerical investigations of the Loschmidt echo - the average Ml is calculated over an ensemble of initial states 
■00- For initial Gaussian wavepackets, this ensemble corresponds classically to taking different initial conditions in 
phase-space. From this line of reasoning, one concludes that, in the appropriate regime, Ml(£) <x exp[— Xt] with the 
true classical Lyapunov exponent. 

This is not the full story, however, since averaging over different Vo averages (C s ) cx (exp[— Xt]) ^ 
exp[— (X)t] ([Silvestrov et all [20031 ). so tha t the observed Lyapunov decay is sensitive to s patial and/or time variations 
of the "finite-time" Lyapunov exponent ( Schomerus and Titovl 120021 ; ISilvestrovl l2006h . We show below in several 



instances that Ml often decays with a rate smaller than the true classical Lyapunov exponent, Ml(£) oc exp[— Xot], 
Xo < X. But then how do we know that we are truly witnessing the predicted Lyapunov decay ? First, because the 
decay is exponential and is perturbation-independent - cranking up the strength of the perturbation leaves the decay 
slope unchanged. Second, because, as the chaoticity of the problem changes, so does the slope of the decay - changing 
the true Lyapunov exponent also changes the decay rate Ao of the Loschmidt echo in such a way that dXo/dX > 
and there is a one-to-one monotonous correspondence between A and Ao- Third, because the decay disappears if one 
considers classically meaningless initial states - such as random states - and that if one takes coherent superpositions 
of M Gaussian wavepackets as initial states, the decay becomes M _1 exp[— Xot]. We believe that these are three 
minimal conditions to be satisfied before one concludes that the Lyapunov decay of the Loschmidt echo has been 
observed. These three behaviors are checked at one point or another in the numerical simulations we are about to 
present. 

D. Numerics - The Loschmidt echo in quantum maps 

We present numerical checks of our theories, obtained from two different dynamical systems, the kicked top, 
which we use to check our results on the average Loschmidt echo, and the kicked rotato r, with which we inve s tigate 
the properties of a 2 (Ml). M ost of the data to be presented are extracted from Refs. ( Jacauod et all 120031 l200lt 



iPetitiean and Jacquod|.l2005l). Several other dynamical system s have been numeri cally experimented in th e literature, 
among them billiards "(|Wisniackil . l2003l ; IWisniacki et aZ.I . I2002T ) and Lorentz gases (|Cucchietti et aLl . l2002b]) . and it has 



been found that Ml exhibits the same behavior as for the maps discussed here. Maps however present the advantages 
of being easily tunable from regular to fully chaotic - this is impossible for billiards, nor for the Lorentz gas - while 
allowing for large Hilbert spaces, thus small effective Planck's constant, and rather short computation times. 

1. Ensemble-averaged fidelity 

In this paragraph we present numerical confirmation of our semiclassical and random matrix theories for the 
fidelity Ml(£) averaged over ensembles of initial states ipo. To this end, we use the kicked top model, and the 
numeric al procedure is succintly describe d in Appcndix lC.il For more details on the kicked top, we refer the reader 
to Refs. (lHaakeL [200lt lHaake et al. 1. 11987ft 

We first numerically ex tracted the dependence of the Lyapunov exponent A on if using the method of Benettin et 
al. ( Benettin et all [19761 ). We do this because, first, we want to know whether we are in the chaotic regime or not 



for the kicked top, there is a crossover between regular and chaotic behavior driven by the kicking parameter K 
and second, because we need to know A with enough accuracy if we want to give full numerical confirmation to the 
predicted decay Ml(£) oc exp[— Xt]. Our results are plotted in the inset to the top left panel of Fig. [5] The error 
bars reflect the spread in A in different regions of phase space. In particular the presence of islands of stability at low 
values of K for which the dynamics is mixed results in much larger fluctuations of A, i.e. much larger error bars. For 
K > 9 the error bars vanish, which reflects the fact that the system becomes fully chaotic. 

We choose the initial wave packets tpo as coherent states of the spin SU(2) group (jPerelomovi . 1 1 9861 ) . i.e. states which 
minimize the Heisenberg uncertainty in phase space. For the kicked top, this is the sphere of radius S, on which the 
Heisenberg resolution is determined by the effective Planck constant ft e ff ~ S . The corresponding Ehrenfest time 
is te = A -1 lnS". The time-evolution is discrete and proceeds by consecutive applications of the Floquet operators Fq 
(for the unperturbed evolution) and F (for the perturbed evolution). These operators are defined in Eqs. (|C3[) and 
(|C4|) . We take S = 500 and average M L (t = n) = |(^n|(F t ) n i 7, n |V>o)I 2 over 100 initial coherent states ip . 

We first show results in the fully chaotic regime K > 9, where we choose the initial states randomly over the 
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Figure 6 Various decays of the average fidelity Ml for the quantum kicked top defined in Eqs. (|C3[) and (|C4|l with S = 500. 
Top left: Ml(£) in the weak perturbation regime with <j> G [10 -7 , 10 -6 ] and K = 13.1, as a function of the squared rescaled 
time (4>t) 2 - The straight line corresponds to the Gaussian decay <|2.38[) . Ins et : Numerically com puted Lyapunov exponent 
for the classical kicked top as a function of the kicking strength K (see Ref. (jBenettin et aZ.1 1 1976ft 1. The dots correspond to 
averages taken over 10 4 initial conditions. The error bars reflect the distribution of different exponents obtained with different 
initial conditions. Top right: Ml(£) in the golden rule regime with <f> € [10 -4 , 10" 3 ], and K = 13.1, 17.1, 21.1, as a function 
of the rescaled time (f> 2 t. Inset: Local spectral density of states for K = 13.1 and perturbation strengths (f> = 2.5 ■ 10~ 4 , 5 ■ 10 -4 , 
10~ 3 . The solid curves are Lorentzian fits, from which the decay rate F ~ 0.84 <j> 2 S 2 is extracted. The solid line in the main plot 
gives the decay Ml oc exp(— Ft) with this value of V. There is no free parameter. Bottom left: Ml(£) in the Lyapunov regime, 
for (f> = 2.1 ■ 10~ 3 , K = 2.7, 3.3, 3.6, 3.9, 4.2. The time is rescaled with the Lyapunov exponent A £ [0.22, 0.72]. The straight 
solid line indicates the decay Ml oc exp(— Xt). Inset: Ml for K = 4.2 and different <f> = j ■ 10~ 4 , j =1, 2, 3, 4, 5, 9, 17, 25. The 
decay slope saturates at the value (f> ~ 1.7 ■ 10~ 3 for which r ~ A, even though F keeps on increasing. This demonstrates the 
decay law Ml oc exp[— min(F, A)i]. Bottom right: Ml(() in the strong perturbation regime, 4> — j ■ 10 -3 , (j=l, 1.5, 2, ... 5) 
(solid curves) and K — 21.1, <fi — 3 ■ 10 -3 (circles). Dashed and dotted lines show exponential decays with Lyapunov exponents 
A = 1.65 and 2.12, corresponding to K — 13.1 a nd 21.1, respec t ively. The decay slope saturates at (f> ~ 2.5 ■ 10 -3 , when F 
reaches the bandwidth. (Figures taken from Ref. (|Jacquod et all bOQll ). Copyright (2001) by the American Physical Society.) 



entire phase space. The local spectral density p(a) of the eigenstates of F in the basis of the eigenstates of Fq with 
eigenphases a is plotted for three different perturbation strengths <f> in the inset to the top right panel of Fig. 2. 
The curves can be fitted by Lorentzians from which we extract the spreading width T. Wc find that it is given up to 
numerical coefficients by T ~ U 2 /5, U ~ 4>\J~S, 8 ~ 1/5. The golden rule regime r > 8 is entered at C « 1.7 • 10~ 4 . 
For <p <C 4>c we are in the perturbative regime, where eigenstates of F do not appreciably differ from those of Fq and 
cigenphasc differences can be calculated in first order perturbation theory. We then expect the Gaussian decay 



M L oc cxp(-cr 1 t 2 ) =S> In Ml oc (cM) 2 . 



(2.38) 
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This decay is evident in the top left panel of Fig. [6l which shows Ml as a function of (<fit) 2 on a scmilogarithmic scale 
for <fi < 10~ 6 . The decay (|2.38p stops when Ml approaches the inverse 1/25 of the dimension of the Hilbert space in 
agreement with our predictions. 

For 4> > 4> c one enters the golden rule regime, where the Lorentzian spreading of eigenstates of F over those of Fq 
results in the exponential decay 

M L oc cxp(-rt) => lnM L oc0 2 t. (2.39) 

The data presented in the top right panel of Fig. [6] clearly confirm the validity of the scaling (|2.39p . There is no 
dependence of Ml on K in this regime of moderate (but non-perturbative) values of <f>, i.e. no dependence on the 
Lyapunov exponent, which varies by a factor of 1.4 for the different values of K used to generate the data in the top 
right panel of Fig. [5J 

For the kicked top model, it is hard to satisfy A < T in the fully chaotic regime, because values of K > 9 already 
corresponds to A > 1 (see the inset to the top left panel of Fig. [5]), while the band width B, the upper limit for T, 
is B = ir/2 (in units of 1/r). For this reason, when the perturbation strength <f> is further increased, the decay rate 
saturates at the band width — before reaching the Lyapunov exponent. This is shown in the bottom right panel of 
Fig. [6] There is no trace of a Lyapunov decay in this fully chaotic regime. 

To observe the Lyapunov decay Ml oc exp[— At], we therefore reduce K to values in the range 2.7 < K < 4.2, 
which allows us to vary the Lyapunov exponent over a wider range between 0.22 and 0.72. In this range the classical 
phase space is mixed and we have coexisting regular and chaotic trajectories. We choose the initial coherent states 
in the chaotic region, which was numerically identified through the participation ratio of the initial state. Because 
the chaotic region still occupies more than 80% of the phase space for the smallest value of K considered, we expect 
nonuniversal effects (e.g. nonzero overlap of our initial wavepackets with regular eigenfunctions of Fq or F) to be 
small if not negligible. Our th eory predicts a crossover from the golden rule decay (|2.39j) to the Lyapunov decay 
( Jalabert and Pastawskil feOQll ) 



M L ^ exp(-At) =S> In Ml oc Xt, (2.40) 

once r exceeds A. This expectation is borne out by our numerical simulations, see the bottom left panel of Fig. [6] 
Note that these early numerics are unable to resolve the observed, effective Lyapunov exponent from the system's 
true Lyapunov exponent (see the discussion above in Section III.C[) . 

We next operate the kicked top in the regular regime with K = 1.1 to check the prediction given in the first line 
of Eq. (|2.13[) . In the left panel Fig. [7] we show the decay of Ml for S = 1000 and different perturbation strengths 
</>. For weak perturbations, the decay of Ml is exponential, and not Gaussian as one would expect from first order 
perturbation theory. The reason why we do not witness a Gaussian decay in that regime is that the perturbation 
operator gives no first order correction for low K . Indeed, for K = 1.1, eigenfunctions of Fq are still almost identical 
to eigenfunctions of S y , so that diagonal matrix elements of S x vanish in this basis. We numerically obtained an 
exponential decay oc exp(— yb) of the fidelity with 7 oc 1 ' 5 , which is to be contrasted with the golden rule decay 
oc exp(— Ft) with r oc 4> 2 . 

As <j> increases, and looking back at the left panel of Fig. the decay of Ml turns into th e predicted power law 
oc t~ 3 / 2 , which prevails as soon as one enters the golden rule regime, i.e. for r/A w (f> 2 S 3 > 1 dJacauod et all l200lh . 



One therefore expects the power law decay to appear as S is increased at fixed (f>, which is indeed observed in the 
inset to the left panel of Fig. [7] 

We also checked t hat these results are not sensitive to ou r choice of Hamiltonian, by replacing S x in Eq. (|C4|) with 
S 2 , as used in Refs. ( Gorin et all 120061 ; iProsen et all 120031 )) and also by studying a kicked rotator as an alternative 



model to the kicked top. These numerical results all give confirmation of the power law decay predicted in Eq. (|2.13D 
for regular systems. 

It is instructive to contrast these results for the decay of the squared scalar product of quantum wavefunctions with 
the de cay of the overlap o f class i cal phase spac e distrib u tions, a "c l assica l fidelity" problem t hat was investigated in 
Refs. (|Benenti and Casatil . |2002| ; iBenenti etall , l2003allbl ; lEckhardtl . 120031 ; IProsen et all [2003). We assume that the 



two phase space distributions pq and p are initially identic al and evolve according to the Lio uville equation of motion 
corresponding to the classical limit map of the kicked top ( Haakd . l200lb lHaake et all Il987|) 



x n +i = z n cos(Kx n ) + y n sin(Kx n ) 

Un+i = -z n $m(Kx n ) + y n cos{Kx n ) ( 2 -41) 



for two different Hamiltonians -ffp an( l H. Wc consider regular dynamics and ask for the decay of the normalized 
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Figure 7 Left panel: Decay of Ml for S = 1000, K = 1.1, and 10 5 <j> = 1.5, 4.5, and 10 (thick solid lines from right to left). 
The crossover from exponential to power-law decay is illustrated by the dotted-dashed line oc exp[— 2.56- 10 -5 t] and the dashed 
line oc t~ s ^ 2 . The dotted line gives the classical decay oc t -1 . Inset: Decay of Ml for K = 1.1, <f> = 10~ 4 , and S = 250, 500, 
and 1000 (solid lines from right to left). The dashed and dotted-dashed lines indicate the power law oc t~ 3 ^ 2 and exponential 
oc exp[— 2 ■ 10 -4 t] decay, respectively. These plots show that the t~ 3 ^ 2 decay is reached either by increasing the perturbation 
strength (f> at fixed spin magnitude S, or by increasing 5* at fixed c/>. Right panel: Decay of the quantum fidelity Ml for 
S — 1000, compared to the decay of the average overlap M c i of classical phase space distributions, both for the kicked top with 
K — 1.1 and tf> = 1.7 ■ 10 -4 . The initial classical distribution extends over a volume a = 10~ 3 of phase space, corresponding to 
one Planck cell for S = 1000. The dot ted and dashed lines g ive the classical and quantum power law decays oc t~ 4 and oc i _3//2 , 
respectively. (Figure taken from Ref. (jJacquod et aZ.l [2003T >.') 



phase space overlap 

Md(i) = J dx J dpp (x,p;t) p(x,p;t)/N p , (2.42) 

where K p = (Jdx.J dp p ) 1/2 (J dx / dp p) 1 / 2 . 

We have found above that a factor oc tr d / 2 in the decay of the quantum fidelity Ml(£) oc t~ 3d / 2 originates from 
the action phase difference and is thus of purely quantum origin. One therefore expects a slower classical decay 
Md(f) oc C s oc t~ d . In the right panel to Fig. [7] we show the decay of the averaged M c i taken over 10 4 initial points 
within a narrow volume of phase space a = sm956 Sip, for K = 1.1 and (j> = 1.7 • 10~ 4 . The decay is M c i oc t _1 , and 
clearly differs from the quantum decay oc i -3 / 2 . 

The power law decay prevails for classically weak perturbations, for which the center of mass of p and po stay 
close together. This condition is required by the diagonal approximation si = S2 leading to Eq. (|A6[) . Keeping the 
dc Broglic wavelength v fixed, and increasing the perturbation strength <f>, the invariant tori of Hq start to differ 
significantly from those of H on the resolution scale v, giving a threshold 4> c \ w v. Above (f> c \, the distance between 
the center of mass of po and p increases with time oc t and one exp ects a much faster decay M c i(i) oc exp[— const x t 2 ] 
for classical Gaussian phase space distributions ( Eckhardti 120031 ). In the quantum kicked top, v = 1/S and the 



threshold translates into <p c \ ~ 1/5. It is quite remarkable that this coincides with the upper boundary of the golden 
rule regime. As long as one stays in that regime, the perturbation will affect the phase in Eq. (|A10[) , and result in 
the anomalous power law decay oc t~ 3d / 2 . 



2. Mesoscopic fluctuations of the Loschmidt echo 

In ou r investigations of the mesoscopic fluctuations of the Loschmidt echo, we rely on the one-particle kicked 
rotator ( IzrailevT fl990). The model presents the advantage that it is the product of two unitary time-evolution 
operator, each of them diagonal in cither position or momentum. Time-evolutions can be calculated very efficiently 
via recursive calls to fast Fourier transforms. The resulting speed increase in the algorithm, compared to the kicked 
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Figure 8 Left panel: Variance a 2 (Ml) of the fidelity vs. t for weak r < A, N = 16384 and 10 5 ■ SK = 5.9, 8.9 and 14.7 (thick 
solid lines), N = 4096 and SK = 2.4 ■ 1CT 4 (dashed line) and N = 65536 and SK = 1.48 ■ 10" 5 (dotted-dashed line). All data 
have Ko = 9.95. The thin solid lines indicate the decays = 2ft e ff exp[— Ft], with F — 0.024(8 K • iV) 2 ; there is no adjustable free 
parameter. The variance has been calculated from 10 3 different initial states ipo. Right panel: Variance ct 2 (Ml) of the fidelity 
vs. t in the golden rule regime with F > A for N = 65536, K = 9.95 and SK £ [3.9 • 1(T 5 , 1.1 • 1(T 3 ] (open symbols), and 
N = 262144, Ko = 9.95, 5K = 5.9-10 (full triangles). The solid line is oc exp[— 2Aoi], with an exponent Ao = 1.1, smaller than 
the Lyapunov exponent A = 1.6, because the fidelity averages (exp[— At]) (see text). The two dashed li nes give ft 2 ff = N~ 2 . In 
all ca ses, the variance has been calculated from 10 3 different initial states ipo- (Figure taken from Ref. (|Petitiean and Jacquodl . 
l2005h . Copyright (2005) by the American Physical Society.) 



top, allows to reach systems size of N = 2 18 , several orders of magnitude larger than for the kicked top. This 
is particularly advantageous for detecting Lyapunov decays. The one-parti cle kicked rotator is briefly discussed in 
Appendix IC.2I For further details we refer the reader to Ref. (Ilzrailevlll99nh . 

We numerically illustrate the validity of our analytical theory for the variance a 2 (Ml) of the Loschmidt echo. We 
determine the dependence of T on the system's parameter by investigating the local spectral density of eigenstates of 
F over those of F . We found that it has a Lorentzian shape with a width V ~ 0.024((5iv • iV) 2 oc (SK /h c g) 2 , with a 
very weak dependence of T in K , in the range _B = 27r^>r><5 = 2n/N. We focus on a 2 in the golden rule regime 
with r <C A. Data are shown in the left panel of Fig. [5] One sees that <t 2 (Ml) first rises, up to a time t c , after which 
it decays. The maximal value a 2 (t c ) in that regime increases with increasing perturbation, i.e. increasing T. Beyond 
t c , the decay of a 2 is very well captured by Eq. (|2.19j) . once enough time has elapsed. This is due to the increase 
of <7 2 (t c ) above the self-averaging value oc HeS as T increases. Once the influence of the peak disappears, the decay 
of <t 2 (Ml) is very well captured by erf given in Eq. (|2.19p , without any adjustable free parameter. Finally, at large 
times, cr 2 (Ml) saturates at the value ft 2 ff = N~ 2 , as predicted by Eqs. (|2.22|1 and (|2.36|) . 

As SK increases, so does T and a 2 (Ml) decays faster and faster to its saturation value until T > A. Once T starts 
to exceed A, the decay saturates at exp(— 2Xt). This is shown in the right panel of Fig. [SI which corroborates the 
Lyapunov decay of cr 2 (M) predicted by Eqs. (|2.17p . In agreement with our discussion in Chapter III.Cl we see that 
the decay exponent slightly differs from the Lyapunov exponent A = In [if/2]. This is due to the fact that the fidelity 
avera ges (C s ) oc (exp[— At]) ^ exp[— (A)t] over finite-time fluctuations of the Lyapunov exponent ( Silvestrov et all 
120031 ). At long times, a 2 (Ml, t — * 00) = h 2 s saturates at the ergodic value, as predicted. Finally, it is seen in both 
panels of Fig. [H] that t c decreases as the perturbation is cranked up. Moreover, there is no iV-dependence of cr 2 (t c ) at 
fixed r. These two facts are in qualitative and quantitative agreement with Eq. (|2.37p . 

The numerics on true dynamical systems presented in this section qualitatively and quantitatively confirm the 
results of both the semiclassical theory and RMT in their respective regime of validity. 



E. Displacement echoes: classical decay and quantum freeze 

So far we have discussed quantum reversibility from the rather general point of view of Eq. (|2.ip . Our approach 
has been statistical in nature and applies to generic perturbations, in the minimal sense that they do not commute 
with the unperturbed Hamiltonian. The point has been made above that specific families of echoes naturally occur 
when the problem at hand requires to investigate correlation functions such as the one in Eq. (11.201) , 



Y(P, t) = ( cxp[-iP • f] exp[iiio£] exp[iP ■ f ] exp[-zi/ot] 



(2.43) 
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This quantity is of interest, for instance, in spectroscopies such as neutron scattering, Mossbauer 7-ray, and certain 
electronic transitions in molecules and solids ( Heller et aZ.l . ll987l : lvan Hovd . ll954llLaxl , Tl974tlLovesevl . ll984l ). and more 



generally whenever the problem at hand requires some knowledge of momentum or position time correlators - or 
combinations of the two. For instance, the differential cross section for incoherent neutron scattering and Mossbauer 
emission/absorption can be written as ( Lovesevl 1 1984 ) 



-^Si(P,c), (2.44) 



dfldE I P in I 4tt 

in terms of the solid scattering angle Q, the total incoherent scattering length i\, the initial and final neutron momenta 
Pin and P out and the momentum transfer P = P out — P; n . It turns out that the incoherent scattering response function 
§i(P, lo) can be expressed in terms of the Fourier transform 



SiCP.w) = 2^ / dte-^£Y(P,t) (2.45) 

j 



of the correlation function Y (P,t) given in Eq. (|2.43|) . This establishes the physical relevance of our investigations 
of displacement echoes for experiments on incoherent scattering. 

The operator inside the bracket of Eq. (|2.43[) is similar to the kernel of the Loschmidt echo - it is given by a 
forward and a backward time-evolution. In this case, however, both are governed by the same Hamiltonian Hq, but 
the backward propagation is sandwiched between two momentum boost operators. Writing 

cxp[iHpt] = exp[— iP ■ f] cxp[iHot] exp[iP • f], (2.46) 

the kernel of Eq. (|2.43[) goes into a true Loschmidt echo kernel, and one would expect all the results presented earlier 
in this chapter to apply to the displacement echo 

M D (t) = \ (^ \exp[iHpt}exp[-iHot}\i>o)\ 2 ■ (2.47) 

This line of reasoning is not quite correct, as we show below. The displacement operator is very special in that, 
speaking semiclassical language, it does not lead to phase accumulations along an otherwise unperturbed trajectory. 
It is therefore unable to generate a golden rule decay oc exp[— Tt], One consequence of this is that in the golden 
rule regime S < T <C B, Md exhibits only the Lyapunov decay ex exp[— At], This is however not the full story, 
as the displacement generated by exp[±iP • f] leads to a reduction of the overlap of |^f) = cxp[— iHot] \ipo) with 
= cxp[— i_ffpi] 1^0)1 which, for small displacements, depends on t only for short times. The large time asymptotic 
- the saturation Md(oo) - depends on the distance over which the wavepacket is translated. For not too large 
displacements, one has a quantum freeze of the displacement echo, at values which can be orders of magnitude bigger 
than the minimal saturation value TV -1 of the Loschmidt echo. This behavior is illustrated in Fig. [5J It obviously 
derives from some spatially resolved dynamics, which cannot be captured by RMT. We therefore exclusively rely on 
the semiclassical approach in this section. 

What does the quantum freeze correspond to physically ? It is the elastic component in any of the mentioned 
spectroscopies: Mos sbauer, neu tron, and molecular electronic, and was first identified by van Hove in connection with 
neutron scattering (Hovl, [l254). To make a long story short, there is a finite probability, above the iV" 1 statistical 



limit, of not having a quantum transition to a new state, in spite of being "hit". This is the source, for example, of 
the recoilless peak in Mossbauer spectroscopy. 

Recent experimental efforts in atom interferometry motivate the investigation of the real-space displacement echo, 

M D (t) = |(^o|exp[i J ffxi]exp[-^ i]|V'o)| 2 , (2.48a) 
ff x = exp[-iX • p] exp[-iH t] exp[iX • p], (2.48b) 



instead of the momentum displacement echo ([lO?]) (|Su et al\ ; lwiil . l2007tlWu et ^.1 . 120081 ) . These are so-called Talbot- 



Lau experiments that probe interferences of guided atomic waves through periodic potentials in the form of optically 
formed gratings. It is not our task here to describe these ex periments and the ef fects on which they are based in detail 
(for a very recent review on atom interferometry, see Ref. ( Cronin et all , [2007? ) ). we nevertheless briefly discuss why 



they are connected to Eq. (|2.48|) . The discussion is kept at a qualitative level. 

In Talbot-Lau experiments, a plane-wave incident on a transverse periodic potential - a grating - is split into partial 
waves. The distance between the center of masses of these partial waves increases linearly in time, and behind the 
grating they interfere in such a way that they produce a self-image of the grating structure at the Talbot distance 
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Figure 9 Main plot: Saturation value Md(oo) of the displacement echo as a function of the rescaled displacement NP/2n 
for the kicked rotator model with N = 256, 1024, 4096, 16384 (full lines, from top to bottom). Data are obtained from 1000 
different initial coherent states. The dotted lines give the saturation at TV -1 . The red dashed line gives the theoretical prediction 
Md(oo) = Max(4exp[-(o-P) 2 /2]sin 2 (P£/2) / (PL) 2 , AT 1 ) for N = 16384. Inset: Quantum freeze of the displacement echo 

for kicking strength K — 10.09, N = 4096, and P £ [0, 27r/ 7 V"l . T he dashed line gives the decay with the reduced Lyapunov 
exponent Ao = 1.1. (Figure taken from Ref. (|Petitiean et aU[2007f ). Copyright (2007) by the American Physical Society.) 



L T = 2d 2 /v. Here, d gives the periodicity of the grating and v the de Broglie wavelength of the matter wave. This 
is the Talbot effect. Applying a second grating induces a back effect and, possibly, the recombination of the partial 
wav es. In the experimen ts, an optical pulse was included between the two gratings a distance X away from the first 
one (jSu et aLl : IWull2007l) . This pulse is devised to generate a global momentum change exp[zX-p], and the experiment 
thus probes the real-space displacement echo of Eq. (|2.48|) . In the following paragraphs we discuss both spatial and 
momentum displacement echoes, illustrate their specificities and show how, not surprisingly, they essentially behave 
in the same way in chaotic systems. 



1. Momentum displacement - semiclassical theory 

We first discuss the validity of the diagonal approximation used in Appendix [Al [before Eq. (|A6[) ] for the semiclassical 
approach to the average Loschmidt echo and show why this approximation is even better for the displacement echo. 
This diagonal approximation equates each classical trajectory s\ generated by an unperturbed Hamiltonian Hq with 
a classical trajectory S2 generated by a perturbed Hamiltonian H = Hq + E. It has already been mentioned that this 
procedure does not seem to be justified at first glance in chaotic systems with local exponential instability. Instead 
one would expect that an infinitesimally small perturbation generates trajectories diverging exponentially fast away 
from their unperturbed counterpart. Why then ar e we allowed to set si ~ 52 ? Because of the shadowing and 
structural stability properties of hyperbolic systems ( Katok and Hasselblatfj . ri996l : IVanicekl . [200^ ). Roughly speaking 



one can show that, given a uniformly hyperbolic Hamiltonian system Hq, and a generic perturbation S, each classical 
trajectory S2 generated by the still hyperbolic but perturbed Hamiltonian Hq + £ remains almost always arbitrarily 
close to one, and only one unperturbed trajectory s\. In general the two trajectories do not share common endpoints, 
however these endpoints are close enough that they are not resolved quantum-mechanically. This is illustrated in the 
left panel of Fig. [TD] The semiclassical expression for the kernel of the Loschmidt echo involves a double sum over the 
perturbed and the unperturbed classical trajectories, so that both S2 and s± are included. After a stationary phase 
condition, this double sum is reduced to a single sum where S2 and si are equated - this is done in Appendix [XJ 
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Figure 10 Illustrative view of structural stability. Left panel: generic perturbation, where si and s 2 are two orbits of the 
unperturbed Hamiltonian, s[ is the orbit of the perturbed Hamiltonian with the same initial condition as si, while s' 2 is the 
orbit of the perturbed Hamiltonian with the same initial condition as s 2 . The endpoints of si and s' 2 are separated by less 
than a quantum- mechanical resolution scale (red shaded area). Right panel: phase space displacement. Labels are the same as 
in th e left panel. Note that s' 2 and si lie on top of each other, up to the initial and final displacements. (Figure adapted from 
Ref. [jPetitiean et aZ.L l2007h .> 



just above Eq. (|A6|) . In other words, a scmiclassical particle in a Loschmidt echo experiment follows Si in the 
forward direction, and S2 in the backward direction because this is the best way to minimize the action for weak 
enough perturbations. The action difference is simply given by the integral of the perturbation along the backward 



trajectory. It is in general time-dependent and leads to a finite action phase difference SS S 



= S„ 



S S2 , which 



dephases the two trajectories, and eventually generates the golden rule decay. Strictly speaking, proofs of structural 
stability exist only for uniformly hyperbolic systems. However, numerical investigations have shown that generic 
chaotic systems such as the kicked rotator also display structural stability and shadowing of trajectories upon not too 
strong perturbations ( Grebogi et aZ.L [l990h . Because the threshold for the Golden rule regime puts a semiclassically 
small parametric bound SK -C Bh e g on the strength of the perturbation, shadowing can be invoked in that regime 
in the semiclassical limit, where the perturbation becomes smaller and smaller. 

In the case of a uniform phase-space displacement, the diagonal approximation is even more straightforwardly 
justified. This is so because any classical trajectory of the unperturbed Hamiltonian is also a trajectory of the 
perturbed Hamiltonian, up to displacements at the trajectory's ends. This is illustrated in the right panel of Fig. [TQl 
The fact that the action difference is time-independent here has the important consequence that the golden rule decay 
is replaced by a time-independent saturation term. The Lyapunov decay term is left almost unaffected, as it depends 
on the classical measure of nearby trajectories with perturbed initial conditions and does not depend on quantum 
action phases. We also note that for displacement echoes there is no Gaussian perturbative decay, since phase space 
displacements do not change the spectrum of the system aside from some possible but irrelevant global shift. 

Having discussed the justification of the diagonal approximation to the displacement echo, we present details of a 
semiclassical calculation of the displacement echo in Appendix IA. 41 Here also, one differentiate between diagonal and 
nondiagonal contributions, depending on whether classical paths are correlated or not. This results in two separate 
additive contributions to Mo(i), 



Jv4 d) (£) = a exp[-(Pzy) 2 /2] exp[-At] , 
M { » d) (t) = expHP^) 2 /2] g (|P|L)/(|P|£) 



(2.49a) 
(2.49b) 



in terms of an oscillatory function g{\P\L) = 4 sin 2 (|P|L/2) for d = 1 and g(\P\L) = 4J 1 2 (|P|L) for d = 2. For d = 3, 
g is given by Bessel and Struve functions. This gives the total displacement echo 



M D (*) = cxph(P^) 2 /2] 



a exp[ 



-Ail 



9{\P\L) 



{\P\Lf 



(2.50) 



Eq. (|2.50p states that Md (t) is the sum of a time-dependent decaying term of classical origin and a time- independent 
term of quantum origin. For larger displacements, the latter can also be obtained within RMT. The prcfactor 
exp[— (Pv) 2 /2] — > 1 in the semiclassical limit of constant displacement with v — » 0. It is thus of little importance for 
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Figure 11 Main plot : Displacement echo Md(J) for the kicked rotator model with N = 262144, and displacements P — 
m x 2n/N, m = 10, 20, 30. Averages have been performed over 10000 different initial coherent states ipo. The full lines 
correspond to kicking strengths K — 10, 50 and 200 (from right to left). The dashed lines have been slightly shifted for clarity; 
they give the predicted exponential decay exp[— Aot] with Ao = 1.1, 2.5, 3.7. The dotted line gives the saturation at N~ . Inset 
: Displacement echo for N = 8192, K = 10.09, and displacements P = 2n/N, 4n/N, . . . Wn/N. Data are obtained from 1000 
different initial coherent states. The dashed line gives the predicte d exponential decay g iven with Ao = 1.1. The dotted line 
gives the minimal saturation value at iV _1 . (Figure taken from Ref. (jPetitiean et all 12007 ). Copyright (2007) by the American 
Physical Society.) 



us here. We see that generically, Md(J) follows a classical exponential decay, possibly interrupted by a quantum freeze 

as long as the displacement is not too large and <?(|P|L) / (|P|L) 2 > iV _1 . This fidelity freeze differs from the one found 

by Prosen and Znidaric in Ref. ( Prosen and Znidarid 120051 ). In our case, the spectrum is left exactly unchanged by 
phase-space displace ments, i.e. to all orders in pe rturbation theory. This is why the freeze of Md (t) found here persists 
up to t — > oo. In Ref. (jProsen and Znidaricu2005h . only low-order corrections to the spectrum vanish, so that the freeze 
is limited in time. We note that in the scmiclassical limit, Md(£ — ► 0) — > 1, because of the saturation of a(t — > 0) — > 1 
and the disappearance of uncorrelated contributions at short times. Most importantly, there is no displacement- and 
time-dependent decay, i.e. no counterpart to the golden rule decay nor to the perturbative Gaussian decay for Md(4), 
because phase-space displacements leave the spectrum unchanged, up to a possible irrelevant homogeneous shift. 

Displacement echoes are thus seen to be a very special subclass of Loschmidt echoes, where the quantum-classical 
competition between golden rule and Lyapunov decays does not take place. As a matter of fact, quantum coherence 
is of little importance for Md in the sense that the perturbation does not bring interfering paths out of phase. 
Quantumncss only affects Md in that it determines its long-time saturation, while the time dependence of Md is 
solely determined by the underlying classical dynamics. Accordingly, displacement echoes are generically given by 
the sum of a classical decay and a quantum freeze term (|2.50p . Because phase-space displacements do not generate 
time-dependent action differences, and because they vanish in perturbation theory, there is no other time-dependent 
decay. This is in strong contrast to the Loschmidt echo investigated in earlier chapters. 



2. Momentum displacement - numerical experiments 

We summarize the numerical results of Ref. ( Petitiean et all l2007f) on the kicked rotator model of Eq. (|C5[) . We 
follow the numerical procedure described in chapter III. D. 21 but this time calculate Md (t) as in Eq. (|2.47[) . We first 
focus in Fig.[5]on small displacements P < 2-k/N . The inset demonstrates that the behavior of Md(*) clearly follows 
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Eq. (|2.50|) . with a quantum freeze at a displacement-dependent value following a decay with a slope given by the 
Lyapunov exponent. We next show in the main panel the P-dependence of the saturation value Md(oo). The data 
fully confirm the algebraically damped oscillations predicted in Eq. (|2.50|) and shown as a red dashed line in Fig. [9] 
for the case N = 16384. 

Next, we show in Fig. QT] the behavior of the echo for displacements in the range P 3> 2tt/N. In that regime, the 

uncorrelated contribution M{j ld ' (f) <C iV -1 , it thus plays no role. It is seen that the decay rate of the displacement 
echo strongly depends on the kicking strength but is largely independent of the displacement P. We quantitatively 
found that in that regime, Mo(i) ~ cxp[— Ani], in terms of a reduced Lyapunov exponent Ao [see the discussion in 
Chapter Ill.Cj . Most importantly, the absence of other time-dependent decay allows to observe the Lyapunov decay 
with values Ao significantly exceeding the bandwidth B. The displacement echo is the best place in quantum mechanics 
to date where the Lyapunov exponent of the classical dynamics can be observed. The inset shows moreover, that 
lowering the displacement to the regime P = m2ir/N with m < 5 does not affect the decay rate of Mu(t). This 
confirms that there is no golden rule decay for the displacement echo. 



3. Spatial displacement - semiclassical theory 

Our standard semiclassical approach can be applied to Eqs. (|2.48|) . Compared to the momentum displacement 
echo, the only difference is that it is now ore convenient to use resolutions of identity in momentum space instead of 
real space, accordingly the semiclassical propagators are expressed in terms of classical trajectories with well-defined 
initial momentum instead of position. Eqs. (|2.49ap and (|A36[) now become 



J dpdp'e^^-lr-r'^^^e-^-^ 2 ^- 1 " "^ 2 ]^ 2 ), 
a exp[-(X/^) 2 /2] exp[-At], 



(2.51) 
(2.52) 



where the new determinant C s now measures the stability of the spatial endpoint of s upon a change of the initial 
momentum (instead of the stability of the final momentum of s as the starting point is slightly displaced). This 
gives another prcfactor a multiplying the Lyapunov decay, which, as a in Eq. (|2.49aj) . is of order one and weakly 
time-dependent . 

Simultaneously, the uncorrelated contribution to Md, Ecis. (|A36|) . now becomes 



/(X) = . 9 (|xM/(|xb ) 2 , 



(2.53a) 
(2.53b) 

(2.53c) 



where g(x) is the same as for the momentum displacement echo. 

Summing the correlated and the uncorrelated contributions to Mrj(i) one finally obtains 



(M D (*)> = exp[-X 2 /2^ 2 ] 



a exp[— Xt] 



g(|xbo) 
(ixbo) 2 



(2.54) 



which is the phase-space symmetric of Eq. (|2.50[) . This was expected from the phase-space ergodicity of chaotic 
systems. 



4. Displacement echoes - restoring the golden rule decay with external noise 

The absence of any golden rule decay in displacement echoes has to be taken with a grain of salt. In any realistic 
experiment, time-dependent external sources of noise will affect the time-evolution. Taking them into account requires 
to substitute 

exp[±iHt] -> 7exp[±i{Ht [ dt'Y;(t')}}, (2.55) 

Jo 
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in Eqs. (|2.47[) and (|2.48[) . Accordingly, random action phases are accumulated in the forward and backward time- 
evolutions, which do not cancel each other. Under the same assumptions as in Eqs. (|2.8p and (|2.9p of a fast decay of 
phase correlations, one recovers a golden rule decay, oc exp[— Ft] replacing the second term in brackets in Eqs. (|2.50D 
and (|2.54p . with F defined as in Eq. (|2.9p . If, on the other hand, the external sources of noise are efficiently screened, 
this decay becomes slower and Gaussian. In both instances, the random phases have to compete with the Lyapunov 
decay - this is the only instance we know of where the alternative to the exponential Lyapunov decay of the Loschmidt 
echo is Gaussian and not exponential. This is perhaps worth future investigations. 

This brings an end to this section. In the next section we use a phase-space representation of quantum mechanics 
to revisit some of the issues we just discussed. 



III. IRREVERSIBILITY IN PHASE-SPACE QUANTUM MECHANICS 



The study of quantum mechanics in phase-space goes back to Wevl dWevl . 1 19271 I L 9 3 lh and later Wigner who 



introduced the phase-space representation of the density matrix p(x, y) (jWignerl . 1932h 



W p (q,p;t) = -g J dxexp[2ip-x]p(q-x,q + x;i). (3.1) 



Since then, W p has been dubbed the Wigner function ( Hillerv et all . |T984!). It is easily checked that W p is a real 
function. Because it is nonlocal, W p is not necessarily positive, and it is instructive to write it as the sum of a 
positive envelope - having the meaning of a probability distribution - and an oscillating part, W p = + W^ m , with 
subscripts obviously referring to classical and quantum par ts. Quantum mechanics can be rephrased using the Wigner 
function r epresentation, and following Ref. (IZurekl . 200lT) various investigations ha ve analyzed the Loschmidt echo 



using W p (jAdagideli et all |2002| ; ICucchietti et all . \2004, iKarkuszewski et all . l2002f) . Expressed in terms of Wigner 



functions W^ (propagating with Ho) and (propagating with H) the Loschmidt echo reads 

M L (t) = (27r) d J dq J dp W J f°(q > p;t)W J f (q,p;*). (3.2) 

This latter equation is a special application of the trace product rule, that the trace of two density matrices is equal 
to the phase space integral of the product of the two corresponding Wigner functions, 

Tr [ Pa p b ] = (2ir) d J dq J dp W Pa (q, p)W Pb (q, p). (3.3) 



Using the semiclassical propagator for W p ( Adagideli et all [2002HDittrich et al. 1. 120061 : |R ios and Ozorio de Almeida! . 



12002 ). and splitting the Wigner function into a classical and a quantum part, it is possible to identify the clas- 
sical and quantum coherent contributions to Ml, and connect them to classical processes in phase-space. More 
pedestrian uses of the Wigner r epres entation have also been made in the context of quantum reversibility and de- 



coherence ( Karkuszewski et all l2002f ). It is our purpose in this chapter to review and discuss these phase-space 



investigations of quantum reversibility, and to find out if anything new can be learned or new predictions made 
following this approach. 

Besides being real-valued, W p is normalized, 

J dqj dpW p (q,p;t) = l (3.4) 

which expresses the conservation of probabilities. Moreover, if p = is pure, one has 

(2ir) d J dqj dpW 2 p (q,p;t) = l. (3.5) 

This latter property is preserved under the Schrodinger / von Neumann time-evolution, however as time goes by, it 
relies more and more on the quantum part of the Wigner function. Noting that the off-diagonal elements of p 

appear only in Eq. (|3.5p [and not in Eq. (|3.4|) ]. we can characterize decoherence in systems coupled to an external 
environment with the decay of (2w) d J dq/dp W pred , with the reduced density matrix p ro d from which the external 
degrees of freedom have been removed. The trace product rule tells us that this quantity is actually nothing else but 
the purity T(t) of /9 rc d- 
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A. Do sub-Planck scale structures matter ? 

1. Why care about sub-Planck scale structures ? 

For pure quantum states, the Wigncr function differs from the classical Liouville distribution in that it can exhibit 
strong oscillations and even become negative. It has been a known fact for quite some time that these oscillations 
occur on smaller scales, the larg er the total volume occupied by the corresponding wavefunction. For instance, 
Rcf. ( Amiet and Hugueninl . Il98ll ) gives the Wigner function for a quantum superpositio n of two distant Gaussian 



tier. (Amict and riuguciun, II Ha II ) gives tne wigner function lor a quantum sup erposition 01 two distant i. 
wavepackets in one dimension as (we use the notation of Ref. ( Amiet and Hugueninl . Il98lh , where 2q 2 = v 2 ) 



tf(r) = (2^z 2 r 1/4 [exp(-|r - r \ 2 /4q 2 ) + exp(-|r + r \ 2 /4q 2 )] , (3.6a) 
W^(q,p) = eM-2(pqo) 2 ][eM-(q-ro) 2 /2q 2 ) + eM-(<l + ro) 2 /2q 2 ) 

+2cos(pr )exp(- (? 2 /2< Z 2 )] . (3.6b) 

The first two terms inside the square brackets in Eq. (|3.6b[) are easy to interpret, and would still be there even if 
we had considered an incoherent superposition. The third term, however, finds its origin in the coherence of the 
superposition. The fact that it oscillates is not surprising per se - quantum coherence is due to phase interferences 
- however it is seen that the period of these oscillations is inversely proportional to the distance rn between the 
two wavepackets. Increasing tq thus gives more and more oscillation strips below a Gaussian envelope of Heisenberg 

resolution - one gets structures in the Wigner function on arbitrarily small scales. 

This is a very simple observation, which most likely was made before Ref. ( Amiet and Hugueninl . fl98lh . Yet, it looks 



like it was not easy to accept that structures on scales smaller than Planck's constant can develo p from an initially 
smoo th, quantum-mechanically time-evolved wavefunction. In the words of Berry and Balasz ( Berry and Balasa . 
I1979T) : 

It seems obvious that Wigner's function W(q,p,t) cannot follow the increasing complication of C [the corresponding 
classical distribution of orbits] as t — > oo. The reason is that quantum functions on phase space can surely have no 
detail on areas smaller than 0(h), whereas C develops structure down to arbitrarily fine scales. 

Even accepting that such structures exist, one interpretation of the Heisenberg uncertainty principle (perhaps 
the most natural one) is that phase-space structures on scales smaller than Planck's constant have no observable 
consequence. The common wisdom would be then to disregard sub-Planck phase-spa ce structures as artifact of the 
Wigner representation, with no physical content whatsoever. The assertion of Zurek (jZurekl . l200lf ) that sub-Planck 
scale structures in the Wigncr function enha nce the sensitiv ity of a quantum state t o an external perturb ation, 
therefore came out as particularly intriguing (|Albrechtl . l200lh and even controversial (| Jordan and Srednickil ). His 



argument can be summarized as follows. The overlap (squared amplitude of the scalar product) of two pure quantum 
states ip and ip' is given by the phase-space integral of the product of their Wigner functions, (from now on, we use 
Wip for pure states, and W p for mixtures/reduced density matrices) 

= |(V#')| 2 = (27t) d / dqdp Wp. (3.7) 



For an extended quantum state covering a large volume A 3> 1 of 2d-dimensional phase space, the Wigner function W^p 
exhibits oscillations from quantum interferences on a scale corresponding to an action 8S ~ l/A 1 ^ <C 1 (remember 
that we set h = 1, so that A 1 stands for A 3> h d ). These sub-Planck scale oscillations are brought out of phase 
by a shift Sp. Sx with Sp ■ 8x ~ SS <C 1. Thus a ip' that is obtained from ip after even a modest phase-space shift is 
then nearly orthogonal to ip. Zurek concludes that sub-Planck structures substantially enhance the sensitivity of a 
quantum state to an external perturbation. That I^^i is sensitive to the phase-space shift after which ip' is obtained 
from ip is easily seen without the need to invoke Wigner functions. Let us, for the sake of the argument's simplicity 
consider a momentum shift, \ip') = exp[zp • f]|^), then one has 



dr|(^|r)| exp[zp 



(3.8) 



i.e. Iipy is the Fourier transform of the real-space probability distribution of the wavefunction. From well-known 
properties of the Fourier transform, it is straightforward to conclude that, quite generically, the larger the spatial 
extension of ip, the smaller the maximal value of p for which remains sizeable. The connection between this 

real-space picture and Zurek's phase-space picture is not that easy to make, and therefore we believe that his appealing 
argument deserves to be checked in more details. This is what we do in this chapter. We follow a three-pronged 
approach. First we investigate the Loschmidt echo for dynamically prepared initial states, Eq. Q1.25p . which was 
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Figure 12 Decay of the average fidelity Mt for the kicked top with parameters <j> — 1.2 x 10 , K = 3.9 and for preparation 
times T — (circles), 2 (diamonds), 4 (triangles), and 6 (squares). In each case, the dashed lines give the analytical decay 
Mt = exp[— A(t + T)], in the Lyapunov regime with A = 0.42. Inset: threshold time t c at which Mr ftc) — 10 -2 . The solid line 
gives the analytical behavior t c — — A -1 In Mt c — T. (Figure taken from Ref. (|Jacquod et al I l2002f ) . Copyright (2002) by the 
American Physical Society.) 



proposed by Karkuszewski, Jarzynski and Zu rek as a direct measure of the importance of sub-Planck phase-space 
structures on irreversibility and decoherence (iKarkuszewski et Hh. l2f)02h . Second, we study compass states similar 
to those introduced by Zurek in Ref. ( Zurekl . l200ll ). and focus on how fast their fidelity decay as a function of the 
distance between the Gaussians forming the compass - it is this distance which determines the scale of oscillations in 
the Wigncr function. Third, we introduce incoherent compass mixtures, which do not contain the rapid phase-space 
oscillations in their Wigner function that Zurek's coherent compasses have, and investigate their (properly normalized) 
fidelity. If the sub-Planck scale argument holds, the fidelity of the compass mixtures should decay more slowly than 
that of the coherent compasses. Let us first present these three quantities and discuss our results before we derive 
them rigorously in Chapter IIII.A.3I and IIII.A.4I 



2. Brief outline of obtained results 



Ref. ( Karkuszewski et al\ . l2002t ) proposed to use the Loschmidt echo to investigate the sensitivity to external 



perturbation that sub-Planck scale structures bring about. The size of the structures is tuned by considering prepared 
quantum states \ipT) = exp[— iH^T] \tpo), i.e. initially narrow Gaussian wavepackets l^o) which one evolves during a 
preparation time T under the influence of a chaotic Hamiltonian Hq. As T grows, the wavepacket spreads, and for a 
chaotic H , \ipr) eventually covers the entire available phase-space. This is ensured by ergodicity. When this happens, 
oscillations in W^ T occur on the smallest possible scale. Zurek's argument suggests that as T increases, the fidelity 

M T (t) = \(^o\exp[iH T}exp[iHt}cxp[-iHot}cxp[-iH T}\i' Q )\ 2 , (3.9) 

for dynamically prepared initial states \ipT) should decay with T and eventually reach its minimum faster with t at 
larger T. More generally, we could prepare \ip) = exp(— iflrT)!^} with a chaotic Hamiltonian Ht that is different 
from Hq and H . We assume Ht = Hq for ease of notation, but the results we are about to present remain the same, 
regardless of this choice, up to a p ossibly differen t Lyap unov exponent At for the preparation Hamiltonian Ht- 
We investigated Mr(t) in Ref. ( Jacauod et al\ , 120021 ) and, as a matter of fact, we found that the decay of Mt(*) 
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Figure 13 Wigner representation of the pure compass state of Eq. (|3.10[) . The coherence of the superposition is reflected in the 
oscillating patterns lying in-between the four Gaussian wavepackets (yellow circles). The checkerboard pattern in the middle 
of the figure exhibits oscillations with smaller and smaller period as the distance between the Gaussians increase s. Eventually , 
the "squares" of the central checkerboard cover an area smaller than Planck's constant. (Figure taken from Ref. l|ZurekL[200l . 
with permission.) 



can be accelerated with longer preparation times T of the initial state. This is illustrated on Fig. I12| where numerical 
data for My(t) are shown with four different preparation times T, all other parameters being kept fixed. One clearly 
sees that data for larger T lie below those with shorter T. This could be inter preted as a con f irmat ion of the above 
sub-Planck scale argument. The situation is more complicated, however. Ref. ( Jacquod et al\ . l2002h found that one 



can accelerate the decay of the fidelity with the preparation time only when, for T = 0, one has a Lyapunov decay of 
Ml- This is analytically shown below in Chapter IIII. A. 31 see Eq. (|3 . 1 5[) . The preparation leads to the disappearance 
of the Lyapunov decay, in other words, it suppresses the classical contribution to the Loschmidt echo, but has no 
effect on the quantum coherent golden rule decay - the latter is insensitive to the choice of initial state (prepared 
or Gaussian wavepacket), as is shown by a semiclassical analysis, which we corroborate by both RMT and numerics. 
We conclude that the accelerated decay with the preparation time T is not due to the generation of sub-Planck scale 
structures. 

It would however be premature to conclude that s ub-Planck sc ale structures have no effect on the decay of the 
Loschmidt echo. Taking our inspiration from Ref. ( Zurekl . l200ll ) we therefore perform a second analysis on the 



compass states considered there. Compass states are coherent superpositions of four Gaussian wavepackets, 

<Mr) = 2 { ex PH r - ro| 2 /2^ 2 ] + cxp[-|r + r | 2 /2z. 2 ] 

+ cxp[ip r- \r\ 2 /2v 2 } + exp[-ip ■ r - |r| 2 /2t/ 2 ]} . (3.10) 

Here, we assumed that |ro| v so that the overlap between the Gaussians is negligible. When this condition is not 
satisfied, the normalization prcfactor in Eq. (|3.10|) has to be adapted. With po = y^/v 2 (again with h = 1), the four 
Gaussians form a compass rose on a two-dimensional phase-space hyperplane (defined by po and ro) of phase-space. 
This is sketched in Fig. [H] 
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Figure 14 Decay of the Loschmidt echo Ml for pure compass states tjio separated by diagonal phase-space distances d = 
7r/(2-5 n ), with n — (black), n — 1 (red), n = 2 (green), n = 3 (blue), and n = 4 (violet). The model is the kicked rotator with 
K — 9.95, SK = 7 • 10 , and N = 65536. Data correspond to averages over 150 initial compass states, randomly positioned 
in phase-space, but with fixed intergaussian distance d [see Eq. (|3. 10[) ] . The dashed line gives the saturation at Ml(oo) = iV" 1 
and the solid line is a guide to the eye giving the decay exp[— Ft], with Y — Q.Q2A:{8KN) 2 ~ 0.56. Only the initial transient 
depends on d, and one sees that the asymptotic regime is entered earlier for larger d. Inset: the same data as in the main panel 
with a normal instead of a logarithmic vertical axis. 

The Wigner function for such compass states develops finer and finer structures as the distance between the 
Gaussians increases. Let us then investigate the fidelity Ml(£) for the specific choice of compass states as initial states 
-00, and look at how Ml(£) decays as a function of the distance ro (or cquivalcntly po) between the four Gaussians 
forming the compass. Again applying Zurek's argument, one expects a faster decay of Ml at larger r . This is 
confirmed in Fig. I14( where averages of Ml (t) are performed for ensembles of compass states randomly distributed in 
phase-space with fixed ro. One sees that compasses with larger ro decay faster, however, the slope of the asymptotic 
(in this case, golden rule) decay is the same, regardless of the distance between the Gaussians. These numerics show 
that varying ro affects only the initial short-time transient, which is slower when the Gaussian wavepackets forming 
the compass state are closer, and faster when they are further apart. We warn the reader not to be fooled by the 
logarithmic vertical scale used in the main panel of Fig. [14]- it is erroneous to conclude that increasing the phase-space 
extension of compass states has only a minute effect on the decay of Ml(£). The inset to Fig. [T4l shows the same 
data as in the main panel, this time on a normal scale, and it clearly demonstrates that varying ro can have a critical 
impact - it is, for instance, solely responsible for a decay over half of the total range of Ml (t), from Ml(< = 2) = 1 
(violet curve with d = 7r/1250) to Ml(< = 2) = 0.5 (black curve with d = tt/2). 

So far, we looked at the decay of the fidelity as a function of the phase-space extension of initial pure states. All 
such initial states exhibit phase-space oscillations, because they are pure quantum superpositions. To supplement 
these investigations we try and remove phase-space oscillations as much as we can. The fine structures in the Wigner 
function disappear if, instead of a coherent superposition of four Gaussians we take a compass mixture 



Pcm(r,r') 



1 



- {exp[-(|r - r | 2 + |r' - r | 2 )/2^] + exp[-(|r + r | 2 + |r' + r | 2 )/2^ 2 ] 

+ exp[ iP o-(r-r')-(|r| 2 + |r'| 2 )/2^ 2 ] 
+ exp[ iPo -(r'-r)-(|r| 2 + |r'| 2 )/2z, 2 ]}. 



4(7w 2 ) d / : 



(3.11) 



Such a state differs from the compass states of Eq. (|3.10p in that there is no coherence between the separate Gaussians 
wavepackets forming the state. In other words, pure compass states given by Eq. (|3.10jl read tp c = i/jn +ips + ^E + ipw 
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Figure 15 Decay of the Loschmidt echo Ml for pure (open symbols) initial compass states tpo as given in Eq. (|3.10[) an d for 
mixed (full symbols) initial compass density matrix po of Eq. (refcompass:mixture). In both cases, the diagonal phase-space 
distance between the center of masses of the Gaussians forming the compass is d = n/2. The model is the kicked rotator of 
Eq. (JCSJ with N = 65536 and K = 9.95, 8K = 4 • 1(T 5 (circles), 8K = 5 • 1(T 5 (triangles up), 5K = 6 • 1(T 5 (triangles down), 
7 ■ 1CP 5 (squares), and 2 • 10 -4 (diamonds). Data correspond to averages over 250 initial states. 

(with labels corresponding to the four cardinal points) and the corresponding density matrix p cp = | , i/' c ) (V'c | contains 
terms involving Gaussians at different cardinal points, i.e. |V'jv)(V's|) \4'n)('>Pe\ and so forth. This is not the case for 
the compass mixture of Eq. (|3 . 1 1[) which corresponds to p cm = |V'iv)(V , Jv| + \ips)(' t Ps\ + \^e)(iPe\ + \4'w}(' l Pw\- The 
phase-space picture for that mixture corresponds to the one in Fig. [13] without the short-scale oscillations between 
any two Gaussians (yellow circles). 

Because the initial density matrix p cm is a mixture we normalize the Loschmidt echo in this case as 

M L (t) = 4:Tr[exp[-iHot]p c ex.p[iHot] exp[-iHt]p c cxp[iff<]] , (3.12) 

to have Ml(£ = 0) = 1 (this is fine as long as one can neglect the overlap between different Gaussians). This 
normalization does not affect the decay rate of Ml(£) but is introduced to facilitate direct comparison between the 
decays of initial pure and mixed states. Eq. (|3.12|) gives a perfectly reasonable measure of irreversibility for the specific 
mixtures defined in Eq. (|3.1ip . 

The sub-Planck scale argument predicts that the Loschmidt echo for pure compass states decays faster than it does 
for the compass mixtures - or that the latter are more easily reconstructed after an imperfect time-reversal operation. 
This is confirmed in Fig. 1151 where one clearly sees that, all other parameters being kept constant, the Loschmidt 
echo for compass mixtures is always rather significantly larger than its counterpart for pure compass states. However, 
once again the slope of the asymptotic decay is the same for a pure compass state and a compass mixture. Only the 
short-time transient is affected by the presence or absence of short-scale structures in the Wigner function. Below we 
present analytical calculations corresponding to the numerical experiments in Figs. [T2l and 1151 These calculations do 
not rely on phase-space considerations, yet, they perfectly agree with our numerical data. Sub-Planck scale arguments 
seem to be inspiring to many, however we feel more comfortable with the calculations we are about to present. We are 
unaware of any numerical nor analytical observation made in investigations of the Loschmidt echo and its offspring 
that cannot be quantitatively captured by our semiclassical and RMT approaches. 

3. The Loschmidt echo with chaotically prepared initial states 

We start our analytical investigations of the impact that fine phase-space structures have on the decay of the 
Loschmidt echo with a semiclassical calculation of the fidelity Mt(^) for dynamically prepared initial states. This 
treatment is later complemented with a RMT calculation. 
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The Lyapunov decay for Ml(<) sensitively depends on the choice of an initial narrow wavepacket ipo- For example, 
if ipQ is a coherent superposition of M nonoverlapping wavepackets, the diagonal Lyapunov contribution to Ml is 
reduced by a factor 1/M, while the golden rule contribution remains the same. Does the same phenomenon occur for 
prepared initial states ipT = cxp(— iH$T)ipQ, which for large T can be seen as random superpositions of a large number 
of overlapping Gaussians ? For an initial Gaussian wavepacket ipo, the semiclassical approximation to Eq. (|3 . 9[) gives 



M T (t) = I f dr^[A'f-(r,ro;< + T)]*Xf°(r,r ;i + T)cxp[-^|p s -po| 2 ]| 2 , (3.13) 

•* s 

instead of Eq. (|A6[) . Here, one has a time-dependent Hamiltonian H T = Hq for r < T and H T = H for r > T. We can 
apply the same analysis as above in chaptcr flLAI to the time-dependent Hamiltonian. Only the time interval (T,t + T) 
of length t leads to a phase difference between Kf T and K^°, because H T = H for r < T. Hence the nondiagonal 

contribution My (i) to Myft), which is entirely due to this phase difference, still decays oc exp(— Tt), independent 
of the preparation time T. This conclusion can also be reached with RMT, according to which the averages given in 
Eqs. (|2.25[) do not depend on x/jq . 

The preparation docs however have an effect on the diagonal contribution Mj'(t) to the fidelity. It decays oc 
cxp[— X(t + T)] instead of oc exp(— Xt), provided t, T 3> A -1 . This is most easily seen from the expression 

M§?>(t) = |dr^|A^(r,r ;t + T)| 2 \K?°(v,T ;t + T)\ 2 , (3.14) 

s 

by following a path from its endpoint r to an intermediate poin t ry, reached after a time t. Th e time-evolution from 
r to Yi leads to an exponential decrease oc exp(— Xt) as in Ref. ( Jalabert and Pastawskil . [200lh ■ Due to the classical 



chaoticity of Hq, the subsequent evolution from r 2 to ro in a time T brings in an additional prefactor exp(— AT). The 
combination of diagonal and nondiagonal contributions therefore results in the bi-exponential asymptotic decay 

M T (t) oc exp(-ri) + acxp[-A(t + T)], (3.15) 

with, as always, prefactors of order one multiplying each exponential [see also the discussion following Eq. (|2.13D 
above]. The Lyapunov decay prevails if T > A and t > XT/(T — A), while the golden rule decay dominates if either 
r < A or t < XT/(T — A). In both regimes the decay saturates when Mj- has reached its minimal value H e g. In 
the Lyapunov regime, this saturation occurs at the Ehrenfest time. When the preparation time T — > te, we have a 
complete decay within a time A -1 of the fidelity down to its minimal value. 

We give numerical confirmation to these analytical results. We take the kicked top model defined in Eqs. (jCip and 
(|C4j) . and, as in chapter Til. D. II we choose ipo as a coherent state of the spin SU(2) group. The state is then prepared 
as ipT = exp(—iHoT)ipo- We can reach the Lyapunov regime by selecting initial wavepackets centered in the chaoti c 
region of the mixed phase space for the Hamiltonian (|C1[) with kicking strength A = 3.9 ( Jacauod et all l200ll) . 



Fig. [T2l gives a clear confirmation of the predicted decay oc exp[— X(t + T)} in the Lyapunov regime. The additional 
decay induced by the preparation time T can be quantified via the time t c it takes for Mt to reach a given threshold 
My c . From the Lyapunov decay we expect 

t c = -A^lnMTc-T, (3.16) 

provided My c > kcS — = 10 -3 and T < — A -1 InMxc- I n the inset to Fig. [TJ] we confirm this formula for 

Mtc = 10~ 2 . As expected, t c saturates at the first kick (t c = 1) when T ~ — A -1 lnMr c < te = A~ 1 ln(25 l ). Numer- 



ical r esults qualitatively similar to those shown in the inset to Fig. [12] were obtained in Ref. (jKarkuszewski et all 
l2002h . This similarity i s onl y qualitative, mainly because of the much larger value Mt c = 0.9 chosen in 
Ref. ( Karkuszew ski et For values of Mtc close to 1, we expect that we can do perturbation theory in 



t which gives Myft) = 1 — exp(AT)g 2 t 2 , and hence t c = y/\ — Mt c cxp(— XT/2)/a. Analyzing the data presented in 
Fig. 2 of Ref. (jKarkuszewski et ~al\. I2002D gives the quite realistic values a as 0.042 and A ~ 0.247. 



We next illustrate the independence of My(i) on the preparation time T in the golden rule regime, i.e. at larger 
kicking strength A when A > T. As shown in Fig. [1^1 the decay of My(i) is the same for the four different preparation 
times T = 0, 5, 10, and 20. For these data, we estimate the Ehrenfest time as te ~ 7, so that increasing T further 
does not increases the complexity of the initial state. 

These numerical data give a clear confirmation of the semiclassical result (|3.15|) . As summarized above in Table [Til 
there are five different regimes for the decay of the Loschmidt echo in chaotic systems, and since only two of them 
are captured by the semiclassical approach we used in this chapter, we finally argue that the chaotic preparation does 
not affect the remaining three. The five regimes correspond to different decays: 
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Figure 16 Decay of Mr in the golden rule regime for (f> = 2.6 x 10 -4 , 3.8 x 10~ 4 , 5 x 10~ 4 , K = 13.1, and for preparation 
times T = 0, 5, 10, and 20 (nearly indistinguishable dashed lines). The solid lines give the corresponding golden rule decay 
with F = 0.84 (f> 2 S 2 as obtained for the kicked top in chapter III. D. II (Figure taken from Ref. (jjacquod et aZj , l2002t ). Copyright 
(2002) by the American Physical Society.) 



(i) Parabolic decay, Ml(£) = 1 — °o^ 2 ' with = (V'o|S 2 |7/'o) — (V-'o|£|'0o) 2 7 which exists for any perturbation strength 
at short enough times. 

(ii) Gaussian decay, JA-^it) oc cxp(— <rft 2 ), valid if <j\ = (a(°) |£ 2 |cv(°)) — |£|a(°)) 2 is much smaller than the level 
spacing 5. (As before, {cr°)} is the set of eigenvectors of H .) 

(iii) Golden rule decay, M L (t) oc exp(-rt), with V ~ 2tt| p |S|^ (0) ) | 2 /<5, if 5 < T < A. 

(iv) Lyapunov decay, Ml(*) oc exp(— At), if A < T. 

(v) Gaussian decay, Ml(£) oc exp(— B 2 t 2 ), if S is so large that T is larger than the energy bandwidth B of H . 

We already saw that all these regimes, except regime (iv), can be dealt with quantum mechanically under the sole 
assumption that H and H are classically chaotic, using RMT. Using Eqs. (|2.25|) . it is straightforward to show that 
the decay of the average fidelity in the three quantum regimes (ii), (iii), and (v) does not depend on the choice of the 
initial state, so that ipo and exp[iHoT]ipo give the same average decay. 

Th e faster decay of the Lo schmidt echo with chaotic preparation of the initial state was interpreted in 
Ref. ( Karkuszewski et al\. 2002[) as the ac celerated decay resulting from sub-Planck scale structures. The analy- 



sis presented in Ref. ( Jacauod et all , |2002| ) . and which we reproduce here suggests that in our numerics, we observe 



the same phenomenon. However, the fact that our numerical data is described so well by Eq. (|3. 1 6[) points to a clas- 
sical rather than a quantum origin of the decay acceleration. Indeed, Eq. (|3.16|) contains only the classical Lyapunov 
exponent as a system dependent parameter, so that it cannot be sensitive to any fine structure in phase space resulting 
from quantum interference. 

4. Pure compass states vs. compass mixtures 

For a quantum superposition of M nonoverlapping Gaussian wavepackets -00 = M~ 4 / 2 ^ a <f> a , the Loschmidt echo 
reads 

M L , purc (i) = |M- 1 ^( ( /) Q |exp^]exp[- z i7 t]|^, 3 )| 2 . (3.17) 

a,0 
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This has to be contrasted with the normalized Loschmidt echo (|3 . 1 2[) for mixed initial states 

M L , mixod (t) = | {(/>ct I cxp[iHt] exp[ iH$t\ \(f>fs) | 2 ■ (3.18) 

The difference between these two quantities is best emphasized at short times, where perturbation theory gives 

SM(t) = M L ,mixcd(<) - M L ,purc(*) M~ 1 ^ I E * I M ^ > °' ( 3 - 19 ) 

We see that the transient decay is slower, and therefore lasts longer for the mixture. This agrees with Fig. [15j where 
we have compass states with M — 4. We sec that the asymptotic decay rate is the same, regardless of whether one has 
a pure state or a mixture, however, the initial transient is sensitive to that difference and is slower for mixtures (black 
symbols) than for pure states (empty symbols). Also in this figure, one sees that the asymptotic decay is the same, 
regardless of whether the initial state is pure or mixed. We can estimate 8JA{t) under our standard RMT assumptions 
that the wavepackcts forming the initial pure or mixed states obey similar relations as in Eq. (|2.25[) when they are 
projected onto the eigenfunctions of the perturbation S. In terms of the variance e 2 of the spectrum of S, one gets 

5M(t) ~ e 2 (M- l)t 2 . (3.20) 

This is quite surprising - at short times, the difference between the fidelities of a compass mixture and of the 
corresponding pure state is proportional to the number A/ — 1 of Gaussians the states are made of minus one. This 
has to be taken with a grain of salt, of course, and since Ml(*) € [0, 1] is bounded, so is SM(t). In other words 
Eq. (|3.20|) means that the parametric border for the validity of the short-time perturbative regime depends on the 
purity of the chosen initial compass state. The initial transient decays, in each situations, read 

M L)Pure (t) ~ l-A/- 1 ^( ( /» Q |S 2 |0 (3 )< 2 «l^Afe 2 t 2 , (3.21) 

a, f) 

M L>m ; xed (i) ~ l-A/- 1 ^( ( /» Q |E 2 |0 Q )^ 2 «l-e 2 i 2 . (3.22) 

a 

These expressions, being the result of short-time perturbation theory, are only valid as long as the predicted Ml(4) is 
still of order one. Thus one has two different parametric borders for the breakdown of the initial parabolic transient. 
The latter prevails for t < t c with 

£ c , P urc oc e" 1 !/" 1 / 2 , for pure states (3.23a) 
t c , mixed oc e _1 , for mixtures . (3.23b) 

Once t c is reached, one enters the asymptotic decay and Eqs. (|3.23| predict that the coherent superposition enters 
the asymptotic decay faster than the mixtures. When the asymptotic regime is the exponential golden rule decay one 
predicts that the ratio of the two fidelities is given by 

— — cx cxp[r(i Cimixod - ic.purcjj- (3.24) 

JVlL,pure(.tJ 

For the kicked rotator model we have been using, one has T = 0.024(<5A" ■ N) 2 with e = SK, and this predicts 
Ml, mixed (t) / M,L :PUTe (t) « cxp[a ■ SK] with some constant a depending on the Hilbcrt space size N only. The data 
presented in Fig. [15] arc consistant with this prediction with a ~ 0.25. 

Both semiclassical theory and RMT can be applied to the Loschmidt echo for pure (|3.10p or mixed (|3. 1 1[) compass 
states in the asymptotic regime after the initial transient, and we now proceed to show that the decay rates predicted 
by both methods does not depend on the purity of the initial compass state one choses. For a chaotic time-evolution 
one obtains 

M L , P urc(t) oc aexp[-Ai]/4 + exp[-R], (3.25) 
M L , mixod (t) oc a'exp[-Ai]/4 + exp[-rt]. (3.26) 



The prefactors a and a' possibly has a weak time-dependence and the magnitude of the factors of order one multiplying 
both exponentials in Eqs. (|3 . 25[) and (|3.26[) is determined by the short-time decay of Ml - one has to smoothly connect 
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the initial transient to the asymptotic decay. This is the only place where the purity of the initial state matters, and 
as argued above, this prefactor can be very sensitive to the purity of the chosen initial state. There is no difference 
in decay rates, however. We note that in both cases, the Lyapunov decay is reduced by a factor 1/4. As already 
mentioned in Chapter IIII.A.31 this generalizes to M^ 1 in the case of M nonoverlapping Gaussians. 

The RMT calculation giving the golden rule decay can be extended to stronger perturbations, V > B and one gets 
Ml(£) oc exp[— B 2 t 2 ], both for pure and mixed initial state. Finally, the long-time saturation value is 

M L , puro (oo) - N-\ (3.27) 
M L , mixcd (oo) = 47V" 1 , (3.28) 

with a discrepancy obviously arising from the normalization we introduced in Eq. (|3 . 1 2[1 to ensure Ml, mixed (0) = 1. 
This analysis quantitatively explains the dominant features of Fig. 1151 

In this chapter we have learned three things. First, the Lyapunov decay disappears for states differing from classically 
meaningful states. For both coherent superpositions and mixture of Gaussian wavepackets, the Lyapunov decay is 
multiplied by the inverse number of wavepackets in the initial state. For prepared states, the preparation time leads to 
the stretching, squeezing and folding of the wavepacket, all this leading to an average probability oc exp[— Xt] to stay 
close to an orbit for a time t, and thus to an additional prefactor ~ exp[— AT] multiplying the Lyapunov exponential 
in th e decay of Ml - see Fig. [T2l We believe this explains the observed accelerated decay of Ml for prepared states in 
Ref. ijKarkuszewski et all . l2002l ) . Second, all other decays are largely insensitive to the form of the initial state, except 
the initial time-perturbative transient, which is sensitive to whether one has a coherent superposition or a mixture - 
see Fig. [15] The reason why the golden rule decay, for instance, is largely insensitive to the chosen initial state is that 
it corresponds to pure dephasing, where phase-space shifts arc totally absorbed by shadow orbits - Zurek's argument 
that minute phase-space shifts lead to fast total dephasing does not apply in that regime because of this somehow 
couterintuitivc, but mathematically rigorously proven dynamical robustness of classical systems under perturbations. 
Third, for coherent superpositions of Gaussian wavepackets, the decay is faster the larger the distance between the 
Gaussians - see Fig. [HI Here again, the decay acceleration comes solely from the initial transient. A better analytical 
understanding of this latter behavior is certainly desirable. 



B. The Wigner function approach to the Loschmidt echo 

In this section we present a phase-space semiclassical calculation of the Loschmidt echo based on Wigner functions. 
Because formulas are often discussed as they are derived, we keep some technical details in the body of the paper. 

Eqs. (|3.4p and (|3.5|) are key constraints when constructing a semiclassical theory for the time evolution of the 
Wigner function. The main difficulty is that is bilinear in the wavefunction, which renders the propagator for 
nonlocal. This obstacle in the construction of a semiclassical propagator for was of course realized long 
ago ( Berrvi ll977bHHeller!.ll976l.ll977t iMarinovl | l99llL how ever it was overcome only recently via an elegant geometric 



construction (jRios and Ozorio de Almeida! . l2002h (see also ( Dittrich et all [20061 )). Below we reformulate this approach 



and split into a sum of a positive, smooth envelope whose propagator is local, and an oscillating function 
VT^ m which carries quantum coherence and accordingly has a nonlocal time-evolution. Eq. (|3.5p can be satisfied only 
when taking both W^ 1 and into account. 

For our choice of an initial narrow Gaussian wavepacket, the Wigner function is a positive real function at t = 0, 
and the situation is optimally devised to investigate the emergence of the quantum coherent correction W% . Before 
we discuss the semiclassical approach, we briefly comment on earlier approaches based on partial differential equations 
for the time-evolution of W$ . 



1. Time-evolution of the Wigner function: the Moyal product 

The equation of motion for W-0 can be derived from the Von Neumann equation for the density matrix 

^=~[H ,p], p(t = 0) = M<# (3.29) 

In this chapter, unlike in the rest of this review, we explicitly write h where applicable to make some of our reasonings 
and discussions clearer. Translating Eq. (|3.29p into the language of Wigner functions requires to introduce the Moyal 
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product (|Movall[T947l ), 



[A • S] (q, p) = A(q, p) cxp -(ift/2)A B(q,p) = $(q,p)exp {ih/2)k A(q,p), 



(3.30) 



giving the phase-space representation (Weyl function ( Wcvl. [T93l[ )'0 of a product of operators in terms of their Weyl 
functions A(q, p) and 23(q, p), and the operator 



^ d d d d 
dp <9q dq dp ' 



Applying Eq. (|3 . 30[) on Eq. (|3.29p yields the equation of motion for the Wigner function, 

W^(q,p). 



8W^(q,p) 2 

= --zHoiq, p) sin 



dt 



(3.31) 



(3.32) 



The right hand side of Eq. (|3.32[) is called the Moyal bracket. When looking for a quantum-classical correspondence, 
it makes sense to expand the latter in powers of H. This gives dHillerv et aZ.l . ll984h 



(-i) w 

(2n + l)! 



d 2n+1 H Q d 2n+1 W 4 



dq 



2n+l 



dp 



2n+l 



(3.33) 



where we restricted ourselves to a Hamilltonian Hq = p 2 /2m + V(q). Eq. ()3.33|1 can be interpreted as a quantum 
Liouvillc equation, where the time-evolution of W is given by a classical, Poisson bracket term to which quantum 
corrections are added. In the semiclassical limit h — > 0, naive dimensional analysis suggests to neglect the quantum 
correction terms since they seem to depend on the square and higher powers of h. If the classical dynamics generated 
by Ho is chaotic, this however misses the exponential growth of derivatives of the Wigner function oc cxp [At] on the 
right-hand side of Eq. (|3.33[) which follows from the squeezing, stretching and folding of the phase-space distribution. 
Then, for times longer than the Ehrenfcst time te, the second term on the right-hand side of Eq. (|3 .33(1 is of the same 
order of magnitude as the first term and quantum corrections cannot be neglected. We now present an alternative 
semiclassical approach which circumvents these difficulties and treats classical and quantum contributions to the 
time-evolution of on an equal footing. 



2. The semiclassical propagator for the Wigner function 

We calculate the semiclassical time-evolution of the Wigner function for an initial Gaussian wavepacket ip(r' ) = 
(■KV 2 )~ d / 4 exp[ip • (ip — r ) — \r' — r | 2 /2^ 2 ]. From here on, we restore our convention that h = 1. At t = 0, is 
Gaussian 



W i ,(q,p;t = 0) = W£(q,p;i = 0) = Tr^exp [-|q-r | 2 /^] exp [-^ 2 |p-r | 2 ] . 



(3.34) 



It is in particular always positive, and can thus be interpreted as a classical probability to measure the system at 
(p, q) in ph ase-space. This property gets lost with time as W,i, star ts to develop oscillations, and is no longer positive 
everywhere ( Berman and Zaslavskvl . 1 19781 ; iBerrv and Balaszlll979D . 

The semiclassical time-evolved Wigner function can be obtained by inserting the propagators of Eq. (|2.2p into 
Eq. J3T]). One gets 



W^(q,p;i) = J dq J dp %(q, p; q, p; t) W^{q, p; 0). 



(3.35) 



Because the Wigner function is bilinear in i^q, its propagator is expressed in terms of a double sum over the product 
of two semiclassical wavefunction propagators, 

3C(q,p;q,p;t) = 2 2d J dxdx' e 2 '(p--P-*') £ K* m {q + x, q + x'; t) K s (q - x, q - x';i) 

m,s 

= (2/ir) d J dxdx' (Cm C s ) 1/2 cxp[i$ m , s + iTrdim - fx a )/2}. (3.36) 
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Figure 17 Geometric representation of the trajectory-based semiclassical propagator of Eq. (|3,36|l for the Wigner function. 




Figure 18 Geometric interpretation of the local, Liouville contributions to the Wigner function propagator given in Eq. (|3.38[1 • 
Those contributions correspond to classical paths connecting the initial (q, p) and final (q, p) phase space points. 



where we define the action phase difference 

$ m , s = 2(p ■ x - p ■ x') - 5 m (q + x, q + x'; t) + S s (q x, q x'; t). (3.37) 

A sketch of the paths involved in % is shown in Fig. 1171 At this point, one readily realizes the main difficulty in 
constructing %: it is given by a double sum over classical paths, which will therefore interfere. Our task now is to 
find the leading stationary phase contributions in the semiclassical limit of large actions SVn,s 3> 1. 

The first contribution is obtained by expanding $ m . s to first order around x = x' = 0. This leads to the pairing of 
the trajectories m~ s and correctly reproduces the Liouville flow (see Fig. [18]) 

0C cl (q, p; q, p; t) = 5(q(t) - q) 5(p(t) - p). (3.38) 

This purely local propagator 3C cl obviously fails to capture quantum contributions. We next enforce a stationary 
phase condition on the global phase $ mjS , i.e. search for solutions of 

2p-(dS m /dq| q+x +c^q| q _ x ) = 0, 

(3.39) 

2p+(dS m /d q \^ x ,+dS s /d q \^ x ,) = 0. 

We are led to define two chords with midpoints (q, p) and (q, p) respectively. This is shown in Fig. [19] The stationary 
solutions defining the endpoints of these chords (and hence the endpoints of the trajectories s and m) are given by 
(q±x', p±p c /2) and (q±x, p±p c /2), where p c = pJf+Pm an d Pc = pf n +Pm are given by the sum of initial and final 
momenta along s and m. The coherent part 3C qm of % is obtained from those contribution with s =/= m in Eq. (|3.36[) . 
with initial and final momenta on s and m as depicted in Fig. 1191 This contribution is thus strongly nonlocal. If 
we start with an initial Gaussian wavepacket centered at (qo,Po)j the wavepacket envelope forces x, p c — * 0, and 
(Qi p) ~~ * (Qo,Po)- The trajectories s and m thus start from the same phase-space point, up to the Heisenberg 
uncertainty. The existence of 3C qm begins as soon as the classical dynamics generates well separated trajectories s and 
m, with nearby initial conditions inside a unit phase space area (in units of H) around (qo,po). In chaotic systems, 
the birth of 3C qm occurs at the Ehrcnfcst time te. Beyond te, coherence and nonlocality develop and the phase-space 



■54 




Figure 19 Geometric interpretation of the nonlocal, quantum contributions to the Wigner function propagator. Those contri- 
butions correspond to pairs of classical paths (s,m) connecting pair of phase space points located symmetrically around the 
initial (q, p) and the final (q, p) phase space points. The shaded area correspond to the reduced action obtained from 

the stationary phase solution to Eq. (|3.36[) . 



evolution of a quantum system deviates from the Liouvillian flow. The associated statio nary phase difference <j>j^ c c has 
a sim ple geometric meaning - it is the symplectic area enclosed by s, m and the chords ( Rios and Ozorio de Almeidal . 
120021 1. i.e. the shaded area in Fig. [19] - note that this symplectic area depends on the Hamiltonian considered. The 
oscillations in the Wigner function thus become faster and faster as this area increases, until eventually sub-Planck 
scale structures are generated. In the next chapter, we discuss these points further and relate them to the pure state 
condition /dq/ dpW% = 1. 



3. Reversibility, purity and the Wigner function 



In Eq. (|3.2[) we wrote the Loschmidt echo in terms of Wigner functions. In the particular case H = Hq, Ml reduces to 
the purity, which, since the time-evolution is unitary and the initial state is pure, must satisfy 7(t) = J dq / dp Wl = 1 
at all times. One of our main tasks in our phase-space calculation of the Loschmidt echo is therefore to ensure that 
the time-evolution is unitary at least at the level of the integrated product of two Wigner functions. Using the results 
of the previous chapter, we can write, perhaps not too elegantly, 

M L (t) = (27r) d ydqdp ^qi dpi /dqa dp 2 K(q, p; qi, pi; cb, p 2 ; f) 

x^(qi,pi;0) W^qa.pajO), (3.40) 
where we defined the - even less elegant - propagator for the Loschmidt echo 
K(q,p;qi,pi;q 2 ,p 2 ;i) = 3C(q, P; qi, Pi! t) x 3C(q, p; q 2 , p 2 ; t) 
= 2 M J dxidx^dxadx^ e l 



3 i(2p-xi — 2pi -xi ) — i( 2 p-X2 — 2p2-X2> 



s 1 1 s 2 



x K?° (q - Xl , qi - xj ; t) [K%> (q + x x , qi + x'j ; t)] * 

x [K*(q - x 2 , q 2 - x 2 ; *)]* Kg (q + x 2 , q 2 + x 2 ; t). (3.41) 

The four classical trajectories involved are illustrated in Fig. [20l where, as before, a full (dashed) line correspond to 
Hq (H). We obtain the leading order quantum contributions by imposing a stationary phase approximation on the 
total phase 

$H _$H = 2 { p .(xi-x 2 )-pi-x' 1 -p 2 -x 2 } + ^ n (q-xi,qi-x' 1 ;i) (3.42) 
-Sf 2 °(q + xi, qi + xi; t) - 5,f(q - X 2 , qi - x 2 ; t) + S% (q + x 2 , qi + x 2 ; t) 

of each term in Eq. (|3.41|) . These phases are minimized for optimal matching of the two H— dependent symplectic 
areas defined by the two evolved Wigner distribution and their respective chords. 
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Figure 20 Geometric illustration of the semiclassical propagator for Ml in the Wigner function representation. The full lines 
correspond to an unperturbed propagation and the dashed lines to a perturbed propagation. 



h 




Figure 21 Geometric illustration of the semiclassical propagator of the Loschmidt echo in the Wigner function representation 
at the level of Eq. (|3.43[> . The dark shaded phase space area gives the dominant contribution of the residual action A$ 
generated by Ho on different phase-space surfaces. Our stationary phase approximation requires Si = h, and thus cancels this 
contribution. One then obtains Fig. 1221 and A<3? is solely given by the contribution which comes from the presence of the 
perturbation E on the surface delimited by h, h and the chord joining q+ and g-. 

We evaluate Eq. (|3.41[) . The integral over p gives <5(xi — X2), which restricts the choice of pairs of trajectories 
(■Si, U) to those with the same final spatial point. We next make use of our choice of an initial Gaussian wavepackct 
and linearize all the actions around its center of mass. The starting point of all paths is then ro. We next perform 
the integrations over the q's, the p's and the x"s to obtain 



M L (t) = 




(3.43) 



where we wrote Sp s = p s Po/2 and 

A$ = S%> (q - x 1; r ; t) - Sfj 3 (q + xi, r ; t) - S£(q - x tj r ; t) + S% (q + xi, r ; t). (3.44) 

The situation at this point in the calculation is sketched in Fig. [2U There are two contributions to A<3>. If si 7^ l\ 
and/or S2 ^ h the dominant contribution comes from the action of Hq on the difference in phase-space area covered 
by the two Wigner functions (shaded area on Fig. \7T^i . This contribution vanishes once we enforce the stationary 
phase condition s, = li, i = 1, 2. This is justified in the limit of relevance for us, where the perturbation Si is so small 
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Figure 22 Geometric illustration of the semiclassical propagator of the Loschmidt echo in the Wigner function representation 
after a stationary phase condition has been imposed on A$. 



that most of the action phase is provided by unperturbed dynamics. Then, A$ is solely given by the contribution of 
the perturbation X = Hq — H on the exactly overlapping phase-space areas covered by the two Wigner functions, one 
of them evolving with Hq, the second one with H. Performing next a change of integration variables q± = q ± xi, 
we reproduce Eq. (|2.4| . 

M L (t) = (^j Jdrjdi/^C.Ciexp[iSS.(T,To-,t)-iSSi{T',T ;t)] 
x exp(-i/ 2 |p s - p 



8,2 

2 



Pol 



(3.45) 



The decay of Ml, Eq. (|2.13|) derives from Eq. (|3.45j) via separate calculation of the correlated (s = I) and uncorrelated 
(s 7^ I) contributions. Going back to the Wigner representation, it is seen that the two contributions correspond to 



M L d) (i) = J dqdp ^dqidpi ydq 2 dp 2 3C^ (q,p;q lj p 1 ;t)W^(q 1) pi;0) 

x 3C^(q,p;q 2 ,p 2 ;£) W^(q 2 ,p 2 ;0). 
dqdp J dqidpi J dq 2 dp 2 X^(q, p; qi, pi; t) W^,(qi, pi; 0) 
x 0Cg"(q,p;q 2 ,p 2 ;t) W^(q 2 , p 2 ; 0). 



M L nd) (t) 



(3.46) 



(3.47) 



The Lyapunov decay (power-law decay for regular systems) arises from the classical, Liouville propagation of the 
Wigner function, while the golden rule decay is generated by the quantum corrections, and the associated perturbation- 
generated phase-space action. There are no contributions coming from cross-terms 3C cl • 3C qm . Eq. (|3.47[) gives the only 
contribution sensitive to small phase-space structures, and while our derivation does not contradict Zurek's argument, 
it is instructive to note that the route we followed is somehow orthogonal to his. We identified the (possibly fast) 
oscillating terms that remain in phase and that can thus still satisfy a stationary phase condition, instead of arguing 
about how easily they can be brought out of phase. 

As a final comment we note that in absence of perturbation the purity of the density matrix must be identical to 
one, for all times. This is enforced by a sum rule similar to Eq. (|A3[) . Similar to Eqs. (|3.46p and (|3.47[) . CP(t) is given 
by the sum of a classical and a quantum term 



dq J dp (X cl W^) 2 + (K qm W^f 



(3.48) 



The first term corresponds to the Liouville propagation of the Wigner function. Proceeding as for the Loschmidt echo 
[the final steps leading to Eq. (|2.12[> ] . one gets, for chaotic systems, 



J dq J dp (3C cl W^,) 2 oc exp[-At]. 



(3.49) 



Although the Liouville propagation alone allows to satisfy the normalization condition, Eq. (|3.4p . we see that it 
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fails to ful fill the pure state criteria , Eq. (|3.5p . Because Eq. (|3.48|) gives one [this comes from a sum rule similar to 
Eq. (|A3[) ] ( Ozorio de Almeida! l2003i ). we conclude that the quantum corrections are oc (1 — exp[— Xt]). They start to 
dominate the purity at the Ehrcnfcst time. Our level of approximation is sufficient to ensure unitarity of the time 
evolution at the level of the purity / product of two Wigner functions. 



C. What have we learned ? 

We have reproduced our earlier qualitative argument that, in a chaotic system, the quantum contribution becomes 
important at the Ehr cnfest time. The decay of the Loschmidt echo does not start before Te, a conclusion that was 
already drawn in Ref. ( Silvestrov et all 120031 ) . Does that influence decoherence by external degrees of freedom ? Only 



the nonlocal propagation is sensitive to decoherence. Therefore, if nondissipative decoherence mechanisms exist which 
annihilate the quantum terms before they have a chance to appear, the resulting dynamics will be solely given by the 
classical Liouvillc time-evolution. In the next section, we discuss this aspect in more details and present numerical 
and analytical results which show how the coupling to external degrees of freedom render the time-evolution of a 
quantum chaotic system identical to the Liouvillc evolution of its classical counterpart. 

With these considerations we close this discussion of irreversibility in quantum dynamical systems with few degrees 
of freedom, and what determines it, and move on to a discussion of entanglement generation in coupled dynamical 
systems. 



IV. ENTANGLEMENT AND IRREVERSIBILITY IN BIPARTITE INTERACTING SYSTEMS 

In this fourth section we extend our semiclassical and random matrix theories to systems of few interacting sub- 
systems. Provided the interaction is weak enough - explicit bounds are given below - shadowing can once again 
be invoked to justify the main operational assumption in our semiclassical calculations, that noninteracting classical 
trajectories are not affected by the presence of interactions. This assumption enables us to apply the semiclassical ma- 
chinery developed above to situations of interacting subsystems. Quite surprisingly, nontrivial effects in entanglement 
generation can be captured by that approach, which are partially reproduced by RMT - a purely quantal approach. 
We carry on treating irreversibility in partially controlled systems and consider two interacting subsystems, where 
only one of them is controlled / time-reversed. We show that the degree of reconstruction of the initial state of the 
controlled subsystem depends on the balance between the accuracy of the time-reversal operation and the coupling 
between the two subsystems. 



A. Dynamics of bipartite entanglement 



When two systems, of which we know the states by their respective representatives, enter into temporary physical 
interaction due to known forces between them, and when after a time of mutual influence the systems separate again, 
then they can no longer be described in the same way as before, viz. by endowing each of them with a represen- 
tative of its own. I would not call that one but rather the characteristic trait of quantum mechanics, the one that 
enforces its entire departure from classical lines of thought. By the interaction the two representatives [the quan- 
tum states] have b ecome entangled. T his is how entanglement was qualitatively characterized by Schrodinger some 
seventy years ago ( Schrodingerl 1 19351 ). Entanglement is arguably the most puzzling property of multipartite inter- 
acting quantu m systems, and often leads to counterintuitive predictions due to, in Einstein's words, spooky action 
at a distance ( Einstein et ~al\. Il935h . Entanglement has re ceived a renewed, intense interest in r ecent years in the 
conte xt of quantum cryptography and informati on theory (IBenenti et all, 12007 L Cirac and Zollerl . Il995l ; Gisin et~al\ . 
12002) : lLoss and DiVincenzd . TT998l : iMilburnl . Il999l : iNielsen and Chuand . l2000HShon . 11994 Il997l) . 

In the spirit of Schrodingcr's above formulation, one is naturally led to wonder what determines the rate of entan- 
glement production between coupled dynamical systems. Is this rate mostly determined by the interaction between 
two, initially unentanglcd particles, or does it depend on the underlying classical dynamics ? Or docs it depend on 
the states initially occupied by the particles ? These are some of the questions we address in this chapter, where we 
consider an isolated bipartite syst em of two intera cti ng, distinguishable part i cles. 

Beside our contributions, Refs. ( Jacauod . l2004all bl: iPetitiean and Jacquodl . [2006al ). there have been several, mostly 
numerical works, that looked for connection s between entanglement dynamics and the nature of the underlying classical 
dynamics dFuruva et ali . 
Il999bl : [Scott and Cavesl . 



199alGhose et aZll2008l;lGong and Brumerl l2003HLakshminaravanLl200lUMiller and Sarkaii 
2003 ; iTanaka et q/.l . 120021 : IZnidaric and Prose nl 120031) . Most of these works focused on the 



purity 7(t) [defined in Eq. (JTTTTJ)] or equivalcntly on the von Neumann entropy of the reduced one-particle density 
matrix. Claims have been made that entanglement is favored by classical chaos, both in the rate it is generated 
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( Furuva et al. L 19981 Miller and Sarkail Il999bt IZnidaric and Prosenl , l2003ft and in the maximal amount it can reach 
(jLakshminaravanl 120011 ). In particular, Miller and Sarka r gave strong numerical e vidences for an entanglement 
production rate given by the system's Lyapunov exponents ( Miller and Sarkail Il999bh . This is rather intriguing - to 
say the least - how can the dynamics of entanglement, the quantity which Schrodinger himself considered not one, but 
rather the characteristic trait of quantum mechanics, be governed by the Lyapunov exponent of the classical dynamics 
? 

The results of Miller and Sarkar of a gene ration of entanglem ent governed by Lyapunov exponents have however 
been challenged by Tanaka and collaborators (jTanaka et qZ.l . l2002ft . whose numerical investigations show no increase of 
the entanglement production rate upon increase of the Lyapunov exponent in the strongly chaotic but weakly coupled 
regime. The numerical investigations of Tanaka and co-authors are remarkable in that, compared to earlier works, 
they are backed by analy tical calculations relating the rate of entanglement production to classical time correlators. 

200 2 |) i s seem ingly in a paradoxical disagreement with the almost identical analytical approach of 



Ref. (Tanaka et al 



Ref. ( Znidaric and Prosenl 12003ft . where entanglement production was found to be faster in chaotic systems than i n 
regular ones. This controversy was resolved in our two letters, Refs. ( Jacquodll2004al[Petitjean and Jacquodl . [2006ah . 
where the semiclassical and RMT approaches that proved to be so successful for the Loschmidt echo was extended 
to the calculation of entanglement generation between two interacting dynamical systems. The connection can be 
made between the approach of Tanaka and RMT in the golden rule regime - they both are valid when the Lyapunov 
exponent is very larg e, and accordingly predict only an interaction-dependent decay of T(t). The numerical results 
of Miller and Sarkar (|Miller and Sarkail Il999bft . on the other hand, were obtained for systems with moderate values 
of the Lyapunov exponent and stronger interaction. In this case, the classical dynamics sets bounds on entanglement 
generation - its rate cannot exceed the classical Lyapunov exponent. As we now proceed to show, the decay of the 
purity for bipartite systems behaves similarly as the Loschmidt echo, in that similar decay regimes exist depending 
on the two-particle level spacing 82, the interaction- induced broadening F2 of noninteracting two-particle states and 
the two-particle bandwidth B2. Most notably, in the regime 82 < L2 <C B2, J'(i) is determined by the same quantum- 
classical competition between dephasing and decay of wavefunction overlap that governs the behavior of Ml - this 
time, both dephasing and the decay of wavefunction overlaps are generated by the coupling with the second particle, 
the latter having a dynamics of its own. Accordingly, one gets !P(i) cx exp[— min(Ai, A2, 2F2)i], with the Lyapunov 
exponents Ai,2 of either subsystem. This establishes the connection between purity and Loschmidt echo in the golden 
rule regime. 

The RMT calculation of J'(i) proceeds as usual via a sequence of contractions of wavefunctions, together with 
average express ions for the projection of n oninteracting two-particle s t ates o ver the basis of interactin g two- 
particle states (TFrahm and Muller-Groeling] 19951 Fvodorov and Mirlinl . Il995l ; IJacauod and Shepelvanskvi . Il995t 
iJacauod et a/J . ll997t Weinmann and Pichard . ll99a lW igncr, 11955ft . The semiclassical approach we follow relies on the 
assumption that the interaction does not modify the classical trajectorie s followed by each part i cle - an assumption 
that can be formally justified by invoking structural stability theorems ( Katok and Hasselblattl . [l996ft . It turns out 
that once again, a direct one-to-one connection can be made between the semiclassical pairing of trajectories and the 
RMT contractions. 

Dccohcrence is nothing else but generation of entanglement with the environment, and it is very tempting to try 
and extrapolate our approach towards a semiclassical theory of decohercncc. As a matter of fact, decoherence from 
the co up ling with few chaotic external degrees of freedom has attracte d quite some attention ( Bonanca and de Aguiail 
l2006al lbl ICohenl l2002t ICohen and Kottoa . 12004 iRossini et all 12006ft . perhaps because the universality of quantum 
Brownian motion can be established in several, rather generic situations, fo r instance under the so l e assu mption 
that the system-environment coupling can be modeled by a random matrix ( Lutz and Weidenmiillerl . 1999ft. or for 
decoherence in the macro world, where all time scales are slower than the process of decoherence itself ( Braun et all 
\200d , IStrunz et all 12003ft . Strictly speaking, the theory of decoherence usually invokes external baths wi th many 



degrees of freedom, and one might wonder, again following Miller and Sarkar ([Miller and Sarkail . Il999bft if large 
environments made of a collection of many, rather simple sub-environments - such as uncoupled harmonic oscillators 
- can generally be traded for complex dynamical systems with few degrees of freedom. It is actually not uncommon that 
these findings - that the generation of entanglement between two dynamical subsystems with few degrees of freedom 
depends on the Lyapunov exponent - are actually quoted as confirmation of the theory according to which deco herence 
by co upling to an external bath at large temperature proceeds at a rate given by Lyapunov exponents ( Zurekl . 
120031 ). This point is briefly discussed below, where we make the first step towards a generalization of our results 
for decoherence due to the coupling to a complex environment. We show in particular how the partial Fourier 
transform of the one-particle reduced density matrix - the Wigner distribution - becomes positive definite (and thus 
a true probability distribution in phase-space) and follows the uncoupled (chaotic) single-particle classical dynamics 
in the golden rule regime of interaction with a single second chaotic particle. These results pave the way toward a 
semiclassical theory of decohe rence in presence of many chaotic and interacti ng degrees of freedom. This approach is 
currently under development ( Fiete and Hellerl . 120031 IPetitiean and Jacauodft . 
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B. Bipartite systems and the semiclassical approach to entanglement 

We first present a semiclassical calculation of the time-evolved density matrix p{t) for two interacting, distinguishable 
particles. Entanglement is investigated via the properties of the reduced density matrix pi(t) = Tr 2 [/o(t)], obtained 
from the two-particle density matrix by tracing over the degrees of freedom of one (say, the second) particle. We 
quantify entanglement with the purity J'(i) = Tr[p^(t)] of the reduced density matrix and start our theoretical 
experiment with the two particles in a product state of two narrow wavepackets - this choice is motivated by our use 
of a trajectory-based semiclassical approach. In this way, 3 3 (t = 0) = 1, and the average purity decays as time goes by, 
while the two particles become more and more entangled. Because the global two-particle system is isolated, hence 
remains fully quantum mechanical at all times, the two-particle density matrix is pure and is a good measure 
of entanglement. Compared to the von Neumann entropy or the concurrence, for instance, it moreover presents the 
advantage of being analytically tractable. For the weak coupling situation we are interested in here, numerica l work s 
have moreover shown that von Neumann and linear entropy §i; n = 1 — J'(i) behave very similarly ( Tanaka et q/.l . l2002f h 



We thus expect the purity to give a faithful and generic measure of entanglement. We note that our semiclassical 
approach is straightforwardly extended to the case of undistinguishablc particles, provided the nonfactorization of the 
reduced density matrix due to particle statistics is properly taken care of. 

Using semiclassics to investigate entanglement generation looks a priori like a shot in the dark - is there any hope 
to capture such a fundamentally quantal effect with an expansion to lowest order in the effective Planck's constant 
? Quite remarkably, the a posteriori answer to this question is a firm "YES" , as we now proceed to show. Still, we 
recall that our approach is valid only in the short wavelength limit, and entanglement between particles occupying 
low-lying quantum levels is beyond the methodology we use here. Our approach is reminiscent of the semiclassical 
methods used above for the Loschmidt echo, and relates the off-diagonal matrix elements of p\ to classical action 
correlators. We find that, following an initial transient where p\ relaxes but remains almost exactly pure, entanglement 
production is exponential in chaotic systems, while it is algebraic in regular systems. For not too strong interaction, 
the asymptotic rate of entanglement production in chaotic systems depends on the strength of the interaction between 
the two particles, and is explicitly given by a classical time-correlator. As is the case for the Loschmidt echo, this 
regime is also adequately captured by an approach based on RMT - the time-correlator is then replaced by the golden 
rule spreading of two-particle states due to the interaction. RMT for the entanglement generation in bipartite systems 
will be presented in the next chapter. For stronger coupling however, the dominant stationary phase solution becomes 
interaction independent and is determined only by the classical dynamics, the Lyapunov exponents giving an upper 
bound for the rate of entanglement production. As for the Loschmidt echo, the crossover between the two regimes 
occurs once the golden rule width becomes comparable to the system's Lyapunov exponent. Long-ranged interaction 
potentials can lead to significant modifications of this picture, especially at short times, due to an anomalously slow 
decay of off-diagonal matrix elements of /Oi(x, y) within a bandwidth |x — y| < £ set by the interaction cor relator. 
In A p pendix | A.5I we reproduce in so me more details the calculation we originally presented in Rcfs. ( Jacauodl . 



l2004aM iPetitiean and Jacauodl . l2006afh Here wc only discuss some of the main steps. Our goal is to calculate the 
purity CP(t) = Tr[/jf (t)\ of the reduced density matrix for a bipartite systems of two interacting systems with few degrees 
of freedom, with an initial two-particle product state where each particle is prepared in a Gaussian wavepacket. As for 
the fidelity, the two-particle semiclassical density matrix is written using semiclassical propagators, which now include 
pairs of trajectories, one for each particle. One assumes that these trajectories are unaffected by the interparticle 
interaction, and include the effect of the latter solely in an additional interaction-dependent two-particle phase in the 
semiclassical propagator. This propagator is given in Eq. (|A42|) . The elements /3i(x, y;t) = J <ir(x, r|/o(t)|y, r) of the 
reduced density matrix are then calculated, and after the standard initial calculational steps (linearization around the 
initial position of the wavepackets and integration of the resulting Gaussian integrals) one obtains 

pi(x,y;t) = (-\ ^ ^(C S C ; ) 1/2 cxp[-y{(p s -p 1 ) 2 + (p ( - Pl ) 2 }] (4.1) 

^ 71 ' s.l 

x J s j(t) exp[i{S s (x,n;i) - S z (y,r i; t)}] 
%,i(t) = (^) d2/2 /rfr^(Cya') V2 e-^ {(p ='- p2)2+(P! '- p2)2} (4.2) 



x 



exp^SV (r, r 2 ;i) - SV(r,r 2 ;i) + S SjS '(x,ri;r,r 2 ;t) - §i,i>{y, ri;r,r 2 ;t)}] 



Eq. (|4.2j) is nothing else but the influence functional of Feynman and Vernon (jFevnman and Vernonl . fl963f ) . Mohring 
and Smil ansky derived a similar expre ssion valid when the second particle (their environment / macrosystem) is 
classical ( Mohring and Smilanskvl . [l980h . 



One assumes that one-particle actions vary faster than their two-particle counterpart, and accordingly pair s' ~ I' 
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- this is motivated by a stationary phase conditions on Eq. (|4.1|) . To calculate the average (p\) over the positions 
of the initial wavepackets, one enforces a second stationary phase condition, and pair s = I, x = y. One obtains 
(pi(x, y;t)) = <5 X)y /fii, with the volume fii occupied by particle one. Diagonal elements of the reduced density 
matrix acquire an ergodic value - this is due to the average over initial conditions - and only they have a non- 
vanishing average. Simultaneously this average conserves probabilities, Trpi = 1. For each initial condition, pi(t) 
has however nonvanishing off-diagonal matrix elements, with a zero-centered distribution whose variance is given by 
(/?l(x, y; f)pi(y, x; t)}. Beyond giving the variance of the distribution of off-diagonal matrix elements, this quantity 
also appears in the average purity = J dx J dy(pi(x, y;t)/9i(y, x;t)}. To compute the latter, one thus has to go 
back one step, before this last stationary phase condition. 

The rest of the calculation is detailed in Appendix IA.5I An important time scale, tu is the time it takes for two 
initial classical points within a distance v to move away a distance oc £ from each other. In a chaotic system, this gives 
a logarithmic time, similar in physical content to the Ehrenfest time, tu = A -1 ln(£/z/), while in a regular system, tu 
is much longer, typically algebraic in (,/v. The purity is straightforward to compute from Eqs. (|A53[) for t > tu or 
(|A55j) for t < tu, using the correlators in Eq. (|A58j) and (|A59|) . We get three distinct regimes of decay: 

(a) an initial regime of classical relaxation for t < tu , 

(b) a regime where quantum coherence develops between the two particles so that p\ becomes a mixture, and 

(c) a saturation regime where the purity reaches its minimal value. Let us look at these three regimes in more 
details. 

In the initial transient regime (a), p\ evolves from a pure, but localized pi{0) = |r 1 )(r 1 | to a less localized, but still 
almost pure pi(t), with an algebraic purity decay obtained from Eqs. (|A55[) and (|A59|) . One gets 

nt < m) g i ( iz Eskpm f' 2 x ( i - E^tpm )"' 2 , (4 . 3) 



^1^2 V 2 72* J V 2 72* 

which can easily be checked to go to unity for t — > (fij = L di ). This gives a slow short-time decay of the purity 
- a slow entanglement generation - and even in the case of a correlator saturating at a finite, nonzero value for 
|ti — ^2 1 — oo, which may occur in regular systems, this initial decay will still be algebraic oc t~ dl ' 2 . It is mostly 
this initial transient that differentiates th e behavior of the purity f rom that of the fidelity. Such an algebraic initial 
transient has also been calculated in Ref. (|Gong and Brumerl . [2003h . 

In the asymptotic regime (b), the decay of is given by the correlator (S 2 s ,). Because the four classical paths in 
that term come in two pairs, the dependence on |x — y| vanishes. With Eqs. (|A49[) . (|A50[) . (|A53[) and (|A58[) one gets 

y(t) / "i 9 ^ > r A 1 )e- Ali +a 2 e(t>T A2 )e- A3t + e(t >r r )e- 2r2 *, chaotic, . . 

)CC \ e(t>ru) [(tiA) dl + (t 2 /t) d >], regular. 

In regular systems, the algebraic decay sets in at tu and the time scales t\ t 2 are system-dependent. There are several 
onset times in chaotic systems. The golden rule decay oc exp[— 21^] sets in once enough action phase has been 
generated by the interaction on a typical trajectory. The condition for the corresponding onset time Tr thus reads 

d*U(q s (t),q s ,(t))| « (T^dt d«'<U(q a (t),qy(t))U(q,(* / ),qy(* / ))>) ' = ( 4 -5) 

from which one estimates Ty m T^ 1 . The onset time T\ i for the Lyapunov decay is similar to the Ehrenfest time. 
At shorter times, there is no Lyapunov decay, as two nearby trajectories stay together, within a resolution scale 
determined by U ( Petitjean and Jacquodl . l2006al ). In the numerics to be presented below, Tr,T\ i > tu, and a proper 



rescaling of the data for different sets of parameters first requires shifts t — > t — tr, t — r\ i of the time axis. 

Finally the saturation value in regime (c) can also be estimated semiclassically, starting before the stationary phase 
approximation leading to Eq. (|A47j) . Two pairings, one for the trajectories of the first particle, one for those of 
the second particle lead to exact cancellation of the action phase, but simultaneously restrict the endpoints of those 
trajectories. Assuming ergodicity, and once again using the sum rule (|A3[) . one obtains 

T(oo) = 20(t > T^){v dl /il 1 ) + 2Q{t > T^ ] ){v d2 /VL 2 ) + 0(v 2dl - 2 /n 2 12 ), chaotic. (4.6) 

Each saturation term sets in at the corresponding Ehrenfest time. The fact that the fastest possible, Lyapunov decay 
brings the purity down to its saturation level at precisely that time is of course not a coincidence. As is the case 
for the fidelity, the saturation level occurs at the inverse size Nr 1 = v^/n, of Hilbert space. There is no reason to 
expect a universal saturation value in regular systems where ergodicity is not granted. 
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Analyzing these results, we not e that Eqs. (IA53I) and (IA55I) are reminis cent of the results obtained for 7(t) by 



perturbative treatments in Refs. (jTanaka et all 12002k I Znidaric and Prosenl . I2003T ) , but they apply well beyond the 



linear response regime. Our weak coupling condition that the one-particle actions S vary faster than the two- 
particle actions § roughly gives an upper bound r 2 < B% for the interaction strength. The linear response regime 
is however restricted by a much more stri ngent condition r 2 < 82 <C B2. The decay regime (II) of 7(t) reconciles 



the a priori contradictin g claim s of Refs. ( Furuva et all fl998t IMiller and Sarkaij . Il999bl IZnidaric and Prosenl l2003h 
and Rcf. (jTanaka et all I2002T) . For weak coupling, the decay of 7(t) is gi v en by classical correlators, and thus 



and net. l|lanaka et ali , \ZUVA) . for weak coupling, the decay ot y\t) is gi v en by classical correlators, and thus 
depends on the interaction strength, in agreement with Ref. ( Tanaka et all [2002). However, 7{t) cannot decay 



faster than the bo und given in Eg. (1A50I). s o that at stronger coupling, and in the chaotic regime, one recovers 

as 



the resu lts of Ref. (IMiller and SarkarT 1999bft . Simultaneously, regime (II) also explains the data in Fig. 2 and 4 
of Ref. ( Znidaric and Prosenl . I2003T ) . showing an exponential decay of 7(t) in the chaotic regime, and a power-law 



deca y with an exponent close to 2 in the regular regime (this power-law decay was left unexplained by the authors of 
Ref. (|Znidaric and Prosenl . [2003h V 



Our semiclassical treatment thus presents a unified picture for the role of the classical dynamics in entanglement 
generation, and we summarize it now. To leading order in the semiclassical small parameter iV-f^ = ^ dl ' 2 /^i,2, and 

neglecting the onset times (i.e. considering t > Tu, T\ t and ) the purity of the reduced one-particle density matrix 
in a quantum chaotic dynamical system of two interacting particles evolves as 

7{t) ~ exp[-2r 2 i] + a * exp[-A 4 £] + ATf 1 + N^ 2 . (4.7) 

The first term is the standard, interaction-dependent quantum term giving the golden rule decay of the purity. Being 
given by a classical correlator evaluated along classical trajectories, T 2 does not depend on H e s. The second, classical 
term decays with the Lyapunov exponents A1.2 and has weakly time-dependent prefactors a; = 0(1). Finally, the 

(i) 

two saturation terms set in at the relevant Ehrenfest time , i = 1,2 indexing the particle number. For classically 
regular systems, Eq. (|4.7|) is replaced by 

7(t) ~ (ii/i) dl + (h/t) d \ (4.8) 
This equation corrects a mistake made in Ref. (1 Jacquodl. l2004aft . Accordingly , the results presented here are now 



compatible with those of Znidaric and Proscn, Ref. ([Znidaric and Prose 



ordmgly, 

rl 12005ft . 



The validity of Eq. (|4.7[) is determined by 82 < r 2 < B2, wh ere 82 = B<iV\ ^2/(^1^2) and B2 are the two-particle 
bandwidth and level spacing respectively ( Jacauod et all l200ll ). This range of validity is parametrically large in the 



semiclassical limit Vi/Qi — * 0. In this range, 11 is quantum- mechanically strong as individual levels are broadened 
beyond their average spacing, but classically weak, as B2 is unaffected by IX. We note that our semiclassical approach 
preserves all required symmetries, in particular the properties of the reduced density matrix Tri[pi(t)] = 1, p\ = p\, 
as well as the symmetry Tii[pl(t)] = Tr 2 [|0 2 (t)]. 

Eq. (|4.7p expresses the decay of 7(t) as a sum over dynamical, purely classical contributions, and quantal ones, 
depending on the interaction strength. Because the decaying terms are exponential, with prefactors of order unity, 
the purity can be rewritten 

7(t) ~ exp[-min(Ai, A 2 , 2T 2 )t] + JVf 1 + (4.9) 



a form which expres ses more explicitly how Eq. (|4.9[) reconciles the results of Refs. ( Miller and Sarkarl , Il999b1 ) and 



( Tanaka et "oE l2002ft . The regime of validity of Eq. (|4.9p is parametrically large in the semiclassical limit iVx 2 ~~ * 00 



Four more remarks are in order here. First, the power-law decay of 7(t) predicted above for regu l ar sys tems, 
is to be taken as an average over initial conditions ri2 (in that respect see Refs. ( Jacauod et all 120031 ) and 



dProsen and Znidarid . l2003h ). but may also hold for individual initial conditions, as e.g. in ([Znidaric and Prosenl 



12003ft . Second, there are cases when the correlators (|A58[) and (|A59[) decay exponentially in time with a rate related 
to the spectrum of Lyapunov exponents. This also may indu ce a dependence of 7(t) on the Lyapunov exponents, 
which can be captured by the linear response approach of Ref. ([Tanaka et all 12002ft . We note however that this is not 
necessarily a generic situation, as many fully chaotic, but nonuniformly hyperbolic systems have power-law decaying 
correlations. Third, we mention that because of the second line in Eq. l|A53[) . the connection between decoherence 
and Loschmidt Echo breaks down at short times where the decay of 7{t) is significantly slower than the decay of Ml- 
The c alculations presented in some details in this cha pter and in particular our main result, Eq. I|4.9[) . complement 



Refs. (| Jacquodl . [2004al iPetitiean and Jacquodl . l2006aft 



Outside the semiclassical regime of validity of Eq. (|4.7p . the purity has a Gaussian decay, either given by first-order 
perturbation theory, or by the system's bandwidth. These two decays cannot be captured by semiclassics. Instead 
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we follow our standard procedure and present a detailed RMT calculation of the purity decay in these two regimes. 



C. RMT approach to entanglement in bipartite interacting systems 

The semiclassical results just derived suggest that the purity of the reduced one-particle density matrix in a two- 
particle problem behaves just like the fidelity in a Loschmidt echo experiment. This similarity is complete in the 
golden rule regime - up to short-time corrections - and only necessitates to replace one-particle energy scales by their 
two-particle counterpart - the level spacing 62, the golden rule broadening T2 and the energy bandwidth B2. The 
RMT calculation we are about to present is very enlightening in that it clearly indicates the origin of this similarity, 
and extends it beyond the golden rule regime. 

Two-particle RMT for ?(t) is not very different from one-particle RMT for Ml- The interaction between particles, 
together with the tracing over the degrees of freedom of the second particle effectively results in a perturbation operator 
acting on the degrees of freedom of the first particle. Without restriction on generality other than considering chaotic 
dynamics, the statistical properties of that operator are the same as those of the perturbation S for Ml- This 
is so because a two-body interaction operator acting on two chaotic particles generically gives a full matrix, when 
expressed in the basis of noninteracting states ( Weinmann and Pichardl 19961). This is no longer the case for larger 



number M of partic l es, unless one cons iders M-body interactions ( Brodv et all Il98ll ; iGeorgeot and Shepelvanskvl . 
119971 : 1.Tacauod et oil 1 19971 : liberal . Il99(lh . 
We start by rewriting the purity as 

3>(t) = y"dxdydrdr'(x(8)r|e- t:H Voe i:Kt |y®r)(y®r'|e" i:H Voe t:Kt |x(g)r'), (4.10) 

where as before, po = \tpi, ip2)(ipi, ip2\- As for the Loschmidt echo, our RMT strategy consists in inserting resolutions 
of the identity into Eq. (|4.10[) and then use generalization of the RMT averages of Eq. (|2.25[) . We write 

I = l«i><Ofi| ® l«2><or 2 | (4.H) 

7 = ]T|A)(A|, (4.12) 

A 

where |ai 2) are single-particle eigenstates of -Hi, 2, and |A) is a two-particle eigenstate of IH. We recall that the particles 
are assumed distinguishable. We need RMT averages. Restricting ourselves to the leading-order contribution in N^ 1 
and N^ 1 and neglecting in particular weak localization corrections, Eqs. (|2.25[) translates into 



(ai,a 2 \(f>i,(f>2) = 0, (4.13a) 
(ai,a 2 |0i,(/>2)(0i,02|/5i,/32) = N{ 1 N^ 2 6 au/3l S a2 ,p 2 , (4.13b) 



(on.oalfc, </>2>(0i, &|ft,/?2>(7i, Tfcl^i, (0i, <fc|<M 2 ) = A 2 - 2 7Vf 2 (4.13c) 

X (Sai ,/3i ^71 ,<5i "f" &eei ,81 <^/3i ,71 ) (^02, 02 ^72, ~T" ^ ct 2 , 82^ 02,12) • 

In these expression, \a.i) and denote eigenfunctions of H$ while 1 0i .2 ) can be either 1^1,2), l x ), |y) or l r '), l r ') m 
Eq. ([4~T0]l . Within RMT, 9(t) is given by the sum of three terms 

3>(t) = ?!(*) + y 2 (t) + y 3 (t), (4.14) 
?!(<) = N^ + Nz 1 , (4.15) 
Ta(t) - N^Nt 1 . (4.16) 

The time-dependent decay of the purity is dominantly determined by CP3 (t) , which we now proceed to calculate. The 
calculation of the saturation contributions 3 3 i l 2(0 proceeds along the same lines, and we therefore only write the final 
results here. 

We sandwich each of the two initial density matrices po in Eq. (|4.10[) between resolutions of identity as in Eq. (|4.11l) ■ 
We next perform the RMT averages (|4.13| with all terms involving V>i.2- This gives the three terms in Eq. (|4.14|) . and 
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in particular. 



0> 3 (t) = N- 2 N~ 2 J2 E («i,a2|e-^ t |/3 lj ^}(7i^2|e^Vi^2> 

x (Ji , 72 \e~ mt | 7l , «J 2 ) (ft , <J a |e lJft |ai , 72) . 



(4.17) 



It is easily checked that f^t = 0) = 1, which confirms that it is the dominant term at not too long times. We next 
insert four resolutions of identity as in Eq. (|4.12[) around the time-evolution operators cxp[±i!Ki]. There are three 
different reg imes of interaction and, as for the Loschmidt echo, they are differentiated by the three energy scales, 
62, T 2 ~ 27r|(ai, a2|U|/3i,/ b}|^j and B 2 . The project i on of interacting states over noninteracting ones is regime- 
dependent and given by ( Bohr and Mottelsonl. 19691; Flambaum and Izrailevi. 20001: Frahm and Muller-Groeling 



1995 ; Fvodorov and Mirlinl . 1995t Georgeot and Shepelvanskvi . 19971 ; Jacauod and Shepelvanskv . 1995 ; Hb era 11990; 
Wignerl . ll955l )~ 



|(ai,a 2 |A)| 5 



(r 2 J 2 /27r)/[(£; A 



3(ai,/8i),A, 



r|/4], 



r 2 < s 2 , 
s 2 < r 2 < b 2 , 
r 2 > b 2 , 



(4.18) 



whereas (a\, a 2 |A) (A|/3i, (3 2 ) = if ot\ 5^ /3i or a 2 ^ j3 2 . The corresponding three asymptotic decays of the purity 
read, to leading order, 



3>(t) 



exp[-cr 2 i 2 ] r 2 < 6 2 , 
exp[-2IV] 8 2 < T 2 < B 2 , 
^ exp[-£ 2 i 2 ] r 2 > B 2 , 



(4.19) 



with the RMT result a\ = Tr It 2 / (NiN 2 ). Comparison with Eq. (|2.30p establishes the similarity between the two- 
particle purity and the Loschmidt echo. Moreover, the equivalence between semiclassics and RMT in the golden rule 
regime that was already observed at the level of Ml also prevails for 



D. Numerical experiments on entanglement generation 

To numerical ly check our r esults, we consider the Hamiltonian of Eq. (|A39[) for the specific case of two coupled 
kicked rotators ( Izrailevi . Il990h . Some details of the model are given in Appendix lC.3l Here we only mention the three 



relevant energy scales. The two-particle bandwidth and level spacing arc given by B 2 = 27r, 5 2 = 2tt/(NiN 2 ), and we 
consider two equally large Hilbert spaces with N = Ni = N 2 . Also, the interaction term with strength e between the 
two systems gives rise to a broadening T 2 ~ 0.43e 2 iV 2 of the two-particle energy levels. 
We check the validity of our prediction 

P(t) ~ ai0(f > r Al )exp[-Aii] + a 2 0(t > t A2 ) cxp[-\ 2 t] + Q(t > r r ) exp[-2r 2 t] 

+0(* > 4 1] )N^ + Q(t > 4 2) )N 2 -\ (4.20) 

for the decay of the purity in chaotic systems. The behavior of 7(t) is shown in Figs.[23l [24l and l25l We first focus 
on symmetric two-particle systems where both particles have the same size of Hilbert space and the same Lyapunov 
exponent. Fig. 1231 illustrates perhaps the most spectacular finding of the analytical approach presented above, that 
under proper conditions, the generation of entanglement is given by a classical Lyapunov exponent. The inset shows 
that, as the interaction strength e increases, so does the rate of entanglement generation, up to some value e c after 
which it saturates. The main part of Fig. [53] furthermore shows that in the saturated regime, the decay rate of the 
purity is given by the classical Lyapunov exponent, ?(i) oc exp[— Ai. 2 t]. The rescaling of the time axis t — > \\t allows 
to bring together six curves with Ai € [0.5, 1.35], varying by almost a factor three. Third, Fig. [23l shows that in the 
chaotic regime considered here, f{t — > 00) = 2A^ _1 . 

We next focus on the golden rule decay. We have found that (i) prior to saturation, f(t) decays exponentially 
with a rate close to twice the golden rule rate, oc exp[— 0.85 e 2 Af 2 £], provided F 2 = 0.43e 2 A^ 2 > S 2 — 2tt/(N 2 ) is 
satisfied, and that (ii) e c behaves consistently with Eq. (|4.9p . This is illustrated in Fig. [24j The inset shows the 
behavior of the local spectral density of noninteracting eigenstates over interacting eigenstates. The curves are well 
fitted with Lorentzians of width F 2 ps 0.43e 2 Af 2 . With this extracted value of T 2 in mind, we next plot the purity 
y{t) in the regime 6 2 < T 2 B 2 with T 2 < Ai i2 in the main panel of Fig. [2H Once the horizontal axis is rescaled as 
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Figure 23 3>(t) for the coupled kicked rotator model of Eq. ([CTTjl with N = 512, A"i = A" 2 £ [4, 12], and 6 = 4/iV 2 giving 
21^2 = 13.6 2> Ai = A2. Data are averages over twenty different initial states. The time axis has been shifted by the onset time 
t\ 1 of Eqs. (|4.4p and (|4.20p . and rescaled with Ai G [0.5, 1.35]. The full line indicates oc exp[— Ait], and the dashed line gives 
the asymptotic saturation 9(00) = 2N~ 1 , in agreement with the theoretical predictions. Inset: Puri ty for K\ — K2 = 5.09 
for e = 0.2 (circles), 0.4 (squares), 0.8 (diamonds), 1.6,2,3 and 4 (triangles). (Figure taken from Ref. ([Petitiean and Jacauodl . 
l2006af ). Copyright (2006) by the American Physical Society.) 

t — ► 2T 2 t four curves corresponding to 2r 2 G [5. 10 -2 , 8. 10 _1 ] are brought together, confirming the golden rule decay 
y(t) oc exp[— 2r 2 t] with the broadening of two-particle levels due to the interaction. 

In our third figure, Fig. [25] we investigate the independence of 3 (t) on A 2 in the regime A 2 ^> Ai. The main plot 
shows 7(i) for Ai ~ 0.97, and four values of Ai G [0.97, 3.2]. Varying A 2 by more than a factor of three has no 
effect on the asymptotic decay of 7(t). We conclude that its decay is given by exp[— min(Ai, A 2 )t], in agreement with 
Eqs. (|4.9[) and (|4.20|) . In the inset, data moreover confirm the behavior given in Eq. (|4 .6[) of the long time saturation 
of the purity, 9 (00) = N' 1 + N' 1 . 

These numerical data fully confirm our semiclassical and RMT analytical theories, specifically our final result, 
Eq. KM . 

E. Towards decoherence : classical phase-space behavior 

Decoherence is nothing else but entanglement with a large, complex, uncontrolled environment. It is thus very 
tempting to extrapolate the analytical results obtained earlier in this section to the problem of decoherence - a semi- 
classical theory of decoherence would certainly be very helpful in investigating the conditions under which quantum 
mechanics delivers classical mechanics (as we believe it should). One central question in that respect is whether 
the observed classical entanglement rate translates into a Lyapunov decoherence rate for systems coupled to a true 
environment - much more complex and bigger than a single-particle dynamical system. The times scales in such an 
environment are much shorter, it has moreover a much bigger Hilbert space, and it cannot be initially prepared in a 
pure Gaussian wavepacket, or any other specific state. As a minimal, analytically tractable first-step approach, we 
can take these conditions into account in our semiclassics by considering (i) A 2 3> Ai, (ii) N2 — ► 00 and (iii) an initial 
mixed environment density matrix p cnv = ^ a |C a | 2 |</> Q .)(0Q,|, with a set {cj> a } of M 3> 1 nonovcrlapping Gaussian 
wavepackcts. The semiclassical calculation gives that Eq. (|4.20[) is replaced by 

3>(t) ~ ai 0(f > n) exp[-Ait] + ^§ Q(t > n) exp[-A 2 t] + exp[-2r 2 t] + JVf 1 9(f > t^). (4.21) 



65 




Figure 24 7(t) for the coupled kicked rotator model of Eq. (|C11|I with TV = 512, in the golden rule regime with r 2 < Ai, for 
K = Ki = 50.09, and different T 2 ~ 0.43(eiV) 2 , with (eN) 2 = 0.06 (circles), 0.3 (squares), 0.6 (diamonds) and 0.9 (triangles). 
Data points are averages over twenty different initial Gaussian wavepackets. The time axis has been shifted by the onset time tt 
of Eqs. ((131 and (|4~27J|) , and rescaled with 2r 2 G [5. 10" 2 , 8. 10" 1 ]. The full line indicates the decay oc exp[— 2r 2 t] without any 
free parameter. The dashed line gives the saturation 9(00) = 27V -1 . Inset: local spectral density of states p(a) of eigenstates of 
a noninteracting double kicked rotator over the eigenstates of an interacting double kicked rotator, both with K\ = K2 = 50.09 
. Both system sizes are N = 64, with (eN) 2 = 0.037 (circles), 0.1 (squares), 0.163 (diamonds). The solid lines are Lorentzian 
with widths F 2 « 0.016, 0.042 and 0.07. From these and other data at different N we extract F 2 = 0.43 (eN) 2 . 



The Lyapunov decay of the purity thus seems to survive in the case of a particle coupled to an environment, but 
even if A2 remains finite, there is no decay with the Lyapunov exponent of the environment in the limit M — > 00 
of a very complex environment, because the initial state is no longer meaningful classically - the initial state of 
the environment cannot be prepared! This is similar to the behavior of the Loschmidt echo for superpositions (see 
Eqs. (|3.25|) and (|3.26[) and below) . The same disappearance of the A2-term occurs for an incoherent superposition of 
M Gaussians, but this term does not exist to start with if the initi al state of the second particle is a random pure 
state, a random mixture, or a thermal state. Ref. ( Lee et all . 120051 ) investigated decoherence of a two-level system 



coupled to an external dynamical system, and found that in some circumstances, it occurs at a rate given by the 
Lyapunov exponent of the external system. This finding might be valid when the external dynamical system is a 
detector over which one has some control, and whose initial state can accordingly be prepared. It does not apply to 
general cases of decoherence by a complex environment. 

There is another, perhaps more quantitative argument suggesting that the behavior of the purity in bipartite 
quantum dynamical systems is reflected in the decoherence of dynamical systems coupled to complex environments. 
The stan dard approach to decoher e nce st arts from a master equation valid in the regime of weak system-environment 
coupling ( Joos et all . 120031 ; IZurekl . [2003!). The master equation is a generalization of Eq. (|3.33[) . which takes into 



account the coupling to an external environment. In the case when the potential in the system's Hamiltonian only 
depends on the spatial degrees of freedom, the time-evolution of the system's Wigner function is determined by 

"5* " {»■ W A + E 2^Ty.0^ V 0^ W * + + D W W+ (4.22, 

The first term on the right-hand side of Eq. (|4.22p is the classical Poisson bracket. As discussed in Chapter llll.BI the 
second term exists already in closed systems and generates quantum corrections to t he dynamica l evolution of W^. 
This term starts to become comparable to the Poisson bracket at the Ehrenfest time ( Zurek], [2003). Up to there, the 
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Figure 25 7(t) for the coupled kicked rotator model of Eq. (|C11[) with N = 1024, in the golden rule regime with 2F2 3> Ai, 
Ki = 5.09, e 2 N 2 = 4 and K 2 = 5.09, (circles), 10.09 (squares), 20.09 (diamonds), 50.09 (triangles). The full line indicates 
the decay oc exp[— Ait]. The dashed line gives the saturation 7(oo) = 2N~ 1 . Inset : Purity 7(t) in the regime 2F2 3> Ai for 
A'i = 10.09, K 2 = 50.09, e 2 N 2 = 4 and JVi = 64, N 2 = 128 (circles), 512 (squares), 2048 (diamonds) 8192 (triangles). The full 
line indicates the decay oc exp[— Ait]. The dashed lines give the long-time saturation, 5 (oo) = iV-T 1 + N^ 1 ■ All data points are 
averages over 20 different initial Gaussian wavepackets. 



equation describes the time-evolution of the Wigner function in an isolated system, Eq. (|3.33p . The last two terms on 
the right-hand side of Eq. (|4.22[) are induced by the coupling to the environment. The third term is a friction term, 
inducing dissipation and deviations from the unperturbed dynamics generated by H, and the fourth term i nduces 
diffusion in momentum. For details on how Eq. (|4.22[) is derived, we refer the reader to Refs. ( Joos et "aZI . l2003t IZurekl . 
Il993ll2003l) . 

Starting from Eq. (14.221). the following scenario h as been proposed for the emergence of classical mechanics out of 
quantum mechanics ( Joos et all . 120031 IZurekl . 120031 ). In the limit of weak system-environment coupling, 7^0, but 
finite diffusion constant, D oc 7T = Cst - this implicitly assumes high temperatures - the friction term vanishes, 
leaving the classical dynamics unaffected. Simultaneously, for large enough D, the momentum diffusion term induces 
enough noise so as to kill the quantum corrections before they become important. One then hopes that this can 
occur without relaxing the dynamics generated by the Hamiltonian. If and when this is the case, the result is a true 
quantum-classical correspondence. But is this possible at all ? Our answer is yes, at least as long as external couplings 
can be sent to zero in the scmiclassical limit. Then, shadowing and structural stability theorems can rigorously be 
invoked, which replace each unperturbed (without coupling to external degrees of freedom) classical trajectories with 
a shadowing perturbed ones, in the sense that the two orbits remain very close to one another for arbitrarily long 
times. Still the coupling is strong enough that it generates enough dephasing. Perhaps the main knowledge we have 
gained in our semiclassical investigations is that mathematically rigorous theorems explain how decoherence can beat 
relaxation - how external sources of noise, external baths or environments to which a quantal system is weakly coupled 
can decohere that system without changing the dynamics it follows - with the original H in the first term on the 
right-hand side of Eq. (|4.22p . and not some new H' = H'(D, 7, T). 

The time-evolution of W^, is then solely go verned by the classical Poisson bracket, th at is to say, classical dynamics 
emerges out of quantum mechanics. Refs. (jrlabib et all , Il998t iToscano et al. I, l2005f) provided for some numerical 
illustration of this scenario. Accordingly, clai ms have been made of an environment-induced entropy p roduction 
governed by the system's Lyapunov exponent A ( Monteoliva and Pad . 120001: Pattanavakl 1999t Zurek . 2003h. without 
rigorous analytical derivation, nor strong numerical evidence (Refs. (jMonteoliva and Pad . 200(1 " Pattanavakl fl999l ) 
show entropy production at a single, fixed value of the Lyapunov exponent) . A tra jectory-based semiclassical treatment 
has been applied to a stochastic Schrodinger equation in Rcf. (|Kolovskvl 1 1996a! a), concluding that decoherence can 
occur at a Lyapunov rate. In this chapter, we verify the validity of this scenario, and investigate if it is at all related 
to the extrapolation (|4.2ip of our results on entanglement generation presented above. To this end, we consider a 
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Position Position 

Figure 26 Phase-space plots for a classical distribution (top left), uncoupled (top right) and coupled (bottom left and right, 
e = 4) quantum Wigner distributions, after five iterations of the kicked rotator map of Eqs. (|A39[) and (|C11[) . In all cases, the 
system has Ki = 3.09, and the initial distributions are Gaussian centered in the chaotic sea at (x,p) = (1,2). Bottom panels: 
Wigner functions for the quantum system coupled to a second kicked rotator with K2 = 100. One has 2Y2 = 13.6 > A2 3> Ai, 
so that the purity behaves as 7(t) ~ exp[— Ait]. The left panel has Ni = N2 = 512 and the right panel has N\ = N2 = 2048. 
The presence of ghost images in the Wigner function - giving replicas of the true structures at x — > x + n and p — > p + n (see 
the two bottom p anels) - is an artifact of the p eriodic boundary condition s and our torus quantization. T his point has been 
discussed in Ref. (|Arguelles and Dittrichl l2005t ). (Figures taken from Ref. (|Petitiean and Jacquodl . l2006al ). Copyright (2006) 
by the American Physical Society.) 



minimal toy model, where the environment is modeled by a second dynamical system. We establish the connection 
between our main result in this section, Eq. (|4.9[) . and its extrapolations, Eqs. (|4.22| and (|4.21[) . can be argued in 
the following way. The purity measures the weight of off-diagonal elements of pi(t), and hence of the importance of 
coherent effects, tuned by the second term on the right-hand side of Eq. (|4.22|) . According to Eq. (|4.2ip . in the regime 
2F2 3> Ai, 3 3 (t) reaches its minimal value at the Ehrcnfcst time, i.e. before quantum effects have a chance to appear. 
The latter are dephascd by the interparticlc coupling and their contribution to the purity of the reduced density 
matrix decays exponentially with 2F2 - they essentially are killed before they have a chance to appear if 2F2 3> Xi- 
In that regime, one therefore expects the quantum-classical correspondence to become complete in the semiclassical 
limit —* 00. Let us see in some more details if a toy model of two interacting particles can still lead to a true 
quantum-classical crossover. 

We follow the lines of Ref. ( Petitiean and Jacquodl . l2006al ) to present numerical evidences supporting this reasoning. 
We turn our attention to the quantum-classical correspondence in phase space. We compare in Fig. [55] the Liouvillc 
evolution of a classical distribution in an uncoupled dynamical system with that of the Wigner function W Pl (q, p, ; t) — 
ir~ d J dx exp[2ipx]pi (q— x, q+x; t) corresponding to the reduced density matrix of the corresponding quantum system 
coupled to a second dynamical system. The Wigner function is quantum-mechanically evolved from a localized 
wavepacket with the same initial location and extension as the classical distribution. The quantum time-evolution 
is given by the coupled kicked rotator model of Eq. (|C11[) . while the classical evolution is governed by a single, 
uncoupled standard map - the classical counterpart of the kicked rotator. Three quantum phase-space plots arc 
shown: (i) (top right) for an uncoupled system, e = 0; (ii) and (iii) (bottom left and right) for a coupled system e = 4, 
in the regime !P(t) ~ exp[— Aii] where the argument we just presented predicts quantum-classical correspondence. 
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The bottom left panel has a system size Ni = N2 = 512 while the bottom right panel has iVi = 7V2 = 2048. All plots 
show phase-space distributions after 5 kicks, a duration comparable to Te- Two things are clear from these figures. 
First, a coupling is necessary and sufficient to achieve phase-space quantum-classical correspondence. Second, the 
correspondence becomes better as we move deeper in the semiclassical regime N\, N2 — > 00. Because that limit, to be 
consistent, requires to keep T2 constant, this quantum classical correspondence emerges even though the interaction 
Hamiltonian vanishes in that limit ! 

It seems thus that the coupling to a single dynamical particle is sufficient to drive a full quantum-classical tran- 
sition in a parametrically large range of parameters 82 = B2/ (N1N2) < T2 <C B2, where the coupling is classically 
weak. Care should be taken in interpr eting this result, however, as our approach explicitly excludes dissipation ef- 
fects (jCaldeira and Leggett . 119811 119831) and moreover neg lects possible non-universal, low-temperature contributions 
to the coupling correlator ([Hakim and Ambegaokarl . Il985f ). It is highly desirable to extend our analytical approaches 
to the case of more complex, multipartite environments. 



F. Irreversibility in partially controlled interacting systems: the Boltzmann echo 

We have argued that any quantum reversibility experiment is unavoidably polluted by its coupling to external 
degrees of freedom, over which one has no control and whose dynamics cannot be time-reversed. Therefore, if taken 
naively, Asher Peres' line of reasoning leading to the introduction of the Loschmidt echo, Eq. ()2. 1|) . as measure of 
reversibility neglects the fact that any time-reversal operation correctly operates at best only on part of the system 
- Asher Peres knew of course much better than that. This is so, for instance because the system is composed of so 
many degrees of freedom that the time arrow can be inverted only for a fraction of them. To capture the physics of 
echo experiments one thus has to take into account that 

(a) the system decomposes into two interacting subsystems 1 and 2, 

(b) the initial state of the controlled subsystem 1 is prepared, i.e. well defined, and its final state is measured and 
compared to the initial one, 

(c) both the initial and final states of the uncontrolled subsystem 2 are unknown, and 

(d) the Hamiltonian of system 1 is time-reversed with some tunable accuracy, however 

(e) both the Hamiltonian of system 2 and the interaction between the two subsystems are uncontrolled. 

These considerations lead us to introduce the Boltzmann echo of Eq. (|1.15p a s measure of quantum reversib ility, 
instead of the Loschmidt echo of Eq. (|2.ip . In this chapter we follow our letter ( Petitiean and Jacauodl . l2006bf ) and 



present both a semiclassical and a RMT calculation of the partial fidelity [we rewrite Eq. (|1.15|1 here for convenience] 
Mfl(t) = /(V>o|Tr2 [exp[-iK h t] cxp[-z3{ft]po exp[iJCft] cxp[i3< h t}} \ipo)\ (4-23) 
where the forward and backward (partially time-reversed) Hamiltonians read 

M f = H 1 ®h + h®H2 + \i il (4.24a) 
JC b = -[JZi + Ei]® Ja+Ii® [H2 + Z 2 }+U h . (4.24b) 

The experiment starts with an initial product density matrix po = |i/'o)(V'o| ® P2, which is propagated forward in time 
with J£f . After a time t, we invert the dynamics of system 1, with Si modelling the imperfection in that time-reversal 
operation. This operation might or might not affect the dynamics of system 2, which is allowed by the presence of 
£2. We will see below, however, that tracing over the degrees of freedom of system 2 makes Mb independent of either 
H2 or £2 ■ We leave open the possibility that the interaction between the two systems is affected by the time- reversal 
operation, i.e. Uf may or may not be equal to Ut,- Because one has no control over system 2, the corresponding 
degrees of freedom are traced out. For the same reason, the outermost brackets in Eq. (|4.23l) i ndicate an average 



over th e initial density matrix P2 for system 2. We dubbed Mb the Boltzmann echo in Ref. ( Petitiean and Jacauodl . 
2006b) to stress its connection to Boltzmann's counterargument to Loschmidt that time cannot be inverted for all 
components of a system with many degrees of freed om. We note that, for som e specific choices of parameters, Mb is 
identical to the reduced fidelity introduced in Ref. ( Znidaric and Prosenl l2003h 



Clearly, the analytical approaches that worked for the purity CP(i) in the previous section also apply here. We 
therefore start with a presentation of the semiclassical calculation of the Boltzmann echo for two classically chaotic 
subsystems. Following a well established routine, we next compare our results with those obtained using RMT. We 
finally present numerical checks of our theories. 

Our main result is that, in the regime of classically weak but quantum mechanically strong imperfection £1 and 
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couplings U^b, Mfift) is paramctrically given by the sum of two exponentials and a long-time saturation term, 

M B (t) ~ exp [- (r Sl + r f + r b ) t] + ai cxp [-A^] + Ni 1 , (4.25) 

with a weakly time-dependent prcfactor a% = 0(1), the Lyapunov exponent Ai of system 1, and two 
perturbation/interaction-dependent rates T-£ 1 and T^b given by classical correlators for Si and Uf,b respectively 
- we make this quantitative below. These rates can be regarded as the golden rule width of the Lorentzian broadening 
of the levels of Hi induced by Si and U^b respectively. Together with the one- and two-particle level spacings and 
bandwidths -81,2, they define the range of validity of the semiclassical approach as 8\ < < Bi, ^ ^ ^i,b *C -82- 
The second term on the right-hand side of Eq. (|4.25[) exists exclusively for a classically meaningful initial state ipi 
such as a Gaussian wavepacket or a position state, but the first term is much more generic. It emerges from both 
semiclassics and RMT and does not depend on the initial preparation ipi of system 1. Other regimes of decay exist 
in different regimes of perturbation and coupling. For quantum mechanically weak -c Si and Tf. b -C 82, one has 
a Gaussian decay, 



M B (t) = exp [- (s?/4 + U 2 /2 + Ug/2) t 2 ] + N~\ (4.26) 



in terms of the typical squared matrix elements of Si and U^b- The perturbation Si and the coupling U can be 
tuned independently of one another. Accordingly, the Gaussian decays individually turn into exponential decays as 
<C 81 or Tf.b <C 62 are no longer satisfied. For instance in the regime Tf.b <C 82 and Si < <C B\, one has 

M B (t) ~ exp -r El t- (Ul^ + Ug^ t 2 + ai cxp [-A^] + N{\ (4.27) 

The presence of the Gaussians is however irrelevant most of the time, except perhaps in crossover regimes. The two 
conditions Tf.b <C 62 and Si < r El <C B\ imply that the Gaussians are turned on long after the exponential terms 
have led to the saturation of Mb- Also, at short times a parabolic decay of Mb prevails for any coupling strength. 
Finally, if system 1 is intcgrablc, the decay of Mb is power-law in time. The dynamics of system 2, both in the forward 
and backward propagations, is irrelevant because of the trace one takes over the corresponding degrees of freedom. 
System 2 matters only in that it is coupled to system 1 with U^b- 

The equivalence between Boltzmann and Loschmidt echoes is broken by Tf.b, the decoherence rate of system 1 
induced by the coupling to system 2 (or by U 2 b at weak interaction). Skillful experimentalists can thus investigate 
decoherence in echo experiments with weak time-reversal imperfection Si for which <C Tf.b, and thus Ms(t) — 
exp[ — (rf + Tb)t] (or M B (t) ~ exp[— (U 2 + U 2 ) t 2 /2] at weak interaction) as Si is reduced. The NMR experiments of 



Ref. ( Pastawski et a/.l . l2000| ) reported a Si-independent decay of polarization echoes as the time-reversal operation is 



performed with better and better accuracy, corresponding to a reduction of Si. This might well indicate that other, 
uncontrolled sources of irreversibility are at work, whose degrees of freedom are out of reach of the experimental 
apparatus, and whose effect is to give an lower bound for the decay rate of Mb- This point is discussed below and 
details of the semiclassical calculation, are discussed in Appendix IA.61 The RMT approach to the Boltzmann echo 
reproduces Eqs. (|4.25p . (|4.26[) and (|4.27[) in the appropriate limit Ai — + 00. It is presented in Appendix [Bl 



G. The Boltzmann echo and its relevance to NMR experiments 

Analyzing Eqs. (|4.25[) and (|4.27[) . we first note that Ms(t) depends neither on H2 nor on S2. This is so because 
one traces over the uncontrolled degrees of freedom, and this holds independently of the dynamics generated by H2, 
and the strength of S2 - the result is still valid, even for classically strong S2. Most importantly, besides strong 
similarities with the Loschmidt echo, such as competing golden rule and Lyapunov decays, the Boltzmann echo can 
exhibit a Si-independent decay given by the decoherence rates Tf : b in the limit <C Tf : b- Extending our analysis 
to the regime r El <C Si, Tf b <C 82 by means of quantum perturbation theory, we find a Gaussian decay of Ms(t), 
Eq. (|4.26[) . It is thus possible to reach either a Gaussian or an exponential, Si-independent decay, depending on 
the balance between the accuracy Si with which the time- reversal operation is performed and the coupling between 
controlled and uncontrolled degree s of freedom. This mi ght explain the experimentally observed saturation of the 
polarization echo as Si is reduced ( Pastawski et aLl . l2000f ). A more precise analysis of these experiments in the light 



of the results presented here is necessary, however this behavior is appealing in that it is the only one on the market 
which predicts a saturation of the echo decay rate upon reduction of Si - the experimentally observed phenomenon. 
The idea that the Boltzmann echo might be the solu tion to the puzzle posed by this experimental observation has 
been further developed by Zurek, Cucchietti and Paz ( Zurek et all 120071 ). 
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Figure 27 Main plot: Boltzmann echo for the quantized double kicked rotator model of Eq. (|4.28[l with N = 1024, Ki — K2 = 
10., and Ei = 0.0018 (Ts 1 ~ 0.09). Data have been calculated from 50 different initial states. The full lines correspond to 
e — 0, 0.0018 and 0.0037 (from right to left) and the dashed lines give the predicted exponential decay of Eq. (|4.25p . with 
Tu = 1.210 4 e 2 ,r El = 2.6 W 4 5Kf, A = 1.6 > r u ,r El (dashed lines have been slightly shifted for clarity). The dotted line 
gives the saturation TV" 1 . Inset : Mb for e = 0.0037, and SK^ = 0.0003 (circles; T Sl ~ 2. 10~ 3 ), 5Ki = 0.0006 (squares; 

— 9. 10~ 3 ), and 0.00 09 (diamonds; Ts, ~ 0.02). Th e dashed line indicates the theoretical prediction Mb(£) = exp[— 0.3£]. 
(Figure taken from Ref. (jPetitiean and Jacou od, 2006^). Copyright (2006) by the American Physical Society.) 

H. Numerical experiments on the Boltzmann echo 

We numerically check our results, and consider a Hamiltonian for two interacting kicked rotators. Here we consider 
that the first particle is the system, which is time-reversed with some finite accuracy, and the second particle mimics 
the external degrees of freedom over which one has no control. We thus consider the same model of two coupled 
kicked rotators as in our investigations of entanglement dynamics in Chapter IIV.D1 

Hi = P-/2 + K lC os{xi) ^2,5{t-n), (4.28a) 
U = e sin(xi -x 2 - 0.33) S ( f - n )> (4.28b) 

n 

where, however we have to define time-reversed one- and two-particle Hamiltonians. 

The time-reversed one-particle Hamiltonian is obtained through K\ — > K\ + 8K1 [from the definition of the Boltz- 
mann echo, Eq. (|4.23[) . the Hamiltonian of particle 2 is not time- reversed, but one can also add a change in its 
dynamics due to that operation, K 2 — > K2 + SK 2 ], and we restrict our investigations to the case U = Iff = Kb and 
write Tu = Tf^. Except for the partial time-reversal operation working on Hi only, we follow the same numerical 
procedure as in our investigations of entanglement in Section IIVI Here, we only recall that our quantization proce- 
dure amounts to consider discrete values pij = 2irl/Ni and Xi t i = 2irl/Ni, I = 1, ...Ni, for the canonically conjugated 
momentum and position of particle i = 1,2. We take N = Ni = N2 and the total Hilbert space size is N 2 . 

We first set K2 = K\ > 9 in the chaotic regime, and restrict ourselves to 8K2 = 0. From our earlier investigations 
of the local density of states (see Chapter III. D. 21 and Fig. [MJ), we already know that = 0.024SK 2 N 2 and 
T-u = 0.43e 2 iV 2 . The main panel in Fig. [27] shows that for B 1 > T Sl > Si, B 2 > T u > $2, Eq. (j4~23|) is satisfied. 
Additionally, the inset of Fig. |2"T1 illustrates that when -c 2Fu, the observed decay is only sensitive to U , and 
one effectively obtains a Si-independent decay. 

In Fig. [2H we next confirm the existence of the Lyapunov decay [second term in Eq. (|4.25[) ]. For a modest, but still 
finite variation of the effective Lyapunov Ao € [0.76, 1.3], we can rescale three different set of data so that they all fall 
on the same exponentially decaying curve. The inset in Fig. 1281 shows that the raw data significantly differ from one 
another. 



71 




X (t -x,) 

Figure 28 Main plot: Boltzmann echo for the quantized double kicked rotator model of Eq. (|4.28[) with N = 512, K\ = K2 =€ 
[6, 12], SK± — 8K2 = and e = 0.0245 (giving Tu > Ao). Data have been calculated from 50 different initial states. The time 
axis has been shifted by the onset time t\ and rescaled with Ao £ [0.76, 1.3]. The dashed line indicates the exponential decay 
with the effective Lyapunov exponent Ao and the dotted line gives the long-time saturation Mb(oo) = AT -1 . Inset : Same data 
as used in the main plot for K\ = K3 = 6 and 12 but without rescaling nor shift of the time axis. The dashed lines indicate 
the respective Lyapunov decays with Ao = 0.76 and 1.3. 




Figure 29 Main plot: Boltzmann echo for the quantized double kicked rotator of Eq. (|4.28[1 with N = 512. Two sets of data 
are shown, corresponding to a golden rule decay with F — 0.15 and a Lyapunov decay with Ao = 1.1. All data have K\ — 10. 
Both full black lines have K 2 = 10, 8K 2 = 0, with 8K1 = e = 0.0036 (upper, golden rule curve) and 6K1 = 0, e = 0.0245 
(lower, Lyapunov curve). The empty symbols correspond to variations of 8K2 — 0.0036 (squares) and = 0.0122 (circles). The 
full symbols correspond to variations of K2 = 5 (circles) and K2 = 20 (squares). This shows that Mb is insensitive to both H2 
and E2 in all regimes. 
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In Fig. [29] we finally show that Mb is independent of H2 and S2 in the golden rule regime, for both Lyapunov 
and golden rule decay. As long as either T Sl + 2r u (golden rule decay) or A (Lyapunov decay) are fixed, varying 
K2 or 8K2 has no influence on the decay of Mb- All our numerical results confirm the validity of Eq. (I4.25p . We 
also investigated numerically other regimes of interaction and perturbation which agreed well with Eq. (|4.27[) . We 
can therefore conclude that our analytical investigations successfully passed the numerical test with the best possible 
grade. 



V. CONCLUSIONS, AND WHERE TO GO FROM HERE 

Taken literally, the correspondence principle requests that there be direct manifestations of chaos in quantized 
dynamical systems. There are two distinct avenues one might chose to follow in the search for such manifestations - 
in the energy or in the time domain. Investigating the quantum-classical correspondence and searching for traces of 
chaos in spectral and eigenfunction properties of quantum mechanical systems has been the method of choice in the 
field of quantum chaos for quite some time, certainly for reasons that are easy to understand. As a matter of fact, 
there is a mathematical one-to-one relation between quantal and classical integrability in that classical systems with a 
complete set of integrals of motion acquire a complete set of good quantum numbers once quantized. Classical Poisson 
brackets going into quantum commutators, good quantum numbers arc equally well defined as integrals of motion. 
However, nonintegrable systems are not always chaotic, moreover, integrability is proven once enough integrals of 
motion/good quantum numbers have been found - but determining the latter is often a pretty hard task, and showing 
that integrals of motion are missing in a given system is often not trivial. Finding a criterion for chaotic behavior 
in the dynamics of quantum systems would therefore be much more practical. There is however, at least a priori, 
no such relation when looking at the dynamics of quantum systems and their classical version: the Schrodingcr 
time-evolution, in cither spatial or momentum space generates a dynamics that is fundamentally different from the 
classical Hamiltonian/Liouville time-evolution in phase-space. Asymptotic local exponential instability does not exist 
in quantum mechanics, where classical concepts of locality break down and quantum coherence set in. Yet, we have 
just presented a wealth of rather clear manifestations of classical behavior, including the appearance of classical 
Lyapunov exponents at short pre-Ehrenfest times, in quantum dynamical quantities in the short-wavelength limit. 
Let us review and interpret these results and put them in the perspective of the common wisdom of quantum chaos. 

Our first result is that the fidelity of Eq. for a classically meaningful initial quantum state typically exhibits a 
power-law decay if Hq is regular, but an exponential decay if H$ is chaotic. Moreover, the latter exponential decay is 
often - but not always - governed by the Lyapunov exponent of the underlying classical dynamics. This very contrasted 
change in behavior makes a lot of sense, given that Liouvillc distribution as well as wavepackets spread algebraically in 
regular systems, but exponentially in chaotic systems - at least for short enough times. Accordingly, the exponential 
Lyapunov decay of the fidelity is classical in nature - though to observe it, one needs enough perturbation-induced 
dephasing - as is the power-law decay in the regular regime. From a mathematical point of view, the origin of both the 
Lyapunov decay in chaotic systems and the algebraic decay in regular systems can be traced back in our calculation 
to the asymptotic expression for the determinant of the stability matrix of classical orbits, the C s = |dctl? s | in the 
starting point of our semiclassical theory, Eq. (|2.2p . This determinant measures how fast one moves away from a given 
nearby orbit, when one is very close to it but not quite on it. The entries in the stability matrix are given by second 
derivatives [D s (t)]ij ~ d 2 S s (r, ro; t)/dridr^j of the classical action on that orbit with respect to its classical initial and 
final points. There is no h in C Sl it is a purely classical quantity. For regular systems, the stability is algebraic and 
one gets C s cx t~ d . For chaotic systems, on the other hand, local exponential instability gives C s cc exp[— Xt] with the 
Lyapunov exponent of the classical dynamics. This is not the full story, however, and while the fidelity decay is only 
very weakly affected by quantum coherence, random dephasing due to the finite accuracy £ = H — Hq in the time- 
reversal operation modifies the exponent of the power- l aw decay. Compared to the typica l decay oc t~ d of the classical 



reversal operation modmes tne exponent 01 tne power- law decay. Compared to tne typica l decay oc t at tne classical 
fideli ty in regular systems ( Benenti and Casatil . l2002t iBenenti et al. I, l2003allbl : lEckhardtl 120031 : H rosen and Znidaric, 



I2002T ) . one gets anomalous exponents for the decay of the quantum fidelity in regular systems. Yet, the physics is 
that the fidelity decays algebraically in regular systems and exponentially, at a rate given by the Lyapunov exponent, 
in chaotic systems because of the associated decay of the overlap of the envelope of the wavefunction with itself, 
when it is propagated with two slightly different Hamiltonians. This conclusion fully agrees with the common belief 
that quantum dynamics follows classical dynamics for times shorter than the Ehrenfest ti me ( Berman and Zaslavskvl 
119781: (Berry and Balaszl . [1971 IChirikov et all fl98ll Il988l : lLarkin and OvchinnikovL Il968l) - this is discussed above in 
Paragraph III . A . 3l For regular systems, the Ehrenfest time becomes infinite and the power-law decay of the average 
fidelity extends up to the Hciscnbcrg time, i.e. the breaktime for scmiclassics. 

While there is a rather straightforward interpretation for these behaviors of the fidelity at short times, perhaps the 
biggest surprise we tried to convey in this review is that a priori purely quantal phenomena are successfully captured 
by semiclassical approaches, and the most striking example is provided by the rate of entanglement generation between 
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two interacting particles. In this review, entanglement was quantified by the purity J'(t) of the reduced density matrix. 
This is appropriate since we considered bipartite systems with a pure global density matrix. We showed how our 
semiclassical and RMT approaches that proved so successful for the fidelity can also be applied to calculate J'(t), 
under the assumption that the interaction between the two subsystems is so weak that classical trajectories are not 
affected by it. Even in that regime, we showed that highly nontrivial effects occur, and that they are qualitatively 
and quantitatively captured by our analytical approaches. We showed how, under certain circumstances, the classical 
dynamics determines how entanglement between two interacting dynamical systems is generated, and here again we 
showed that the occurrence of Lyapunov exponents giving the decay rate of 7{t) in certain regimes is of purely classical 
origin - again its origin is to find in the stability of classical orbits. Why this stability affects entanglement generation 
is possible to interpret as arising from the increase of the number of wavefunction components in the basis determined 
by the interaction - in our investigations, the real-space basis. At short times, our initially narrow wavepackets have 
only few nonzero components in that basis, but as time goes by, their number increases. The entangling action of the 
interaction acts between any pair of these components. The number of such pairs increases exponentially in a chaotic 
system, where accordingly entanglement is generated exponentially fast. The same argument explains the algebraic 
generation of entanglement in regular systems - in that classical regime the spreading of the wavepackets is what 
determines the dynamics of entanglement. We also mention that, once ergodicity and the lack of interaction-generated 
classical relaxation are assumed, the Lyapunov decay of J'(t) mathematically emerges in the very same way as it does 
for the fidelity. 

Once our semicla s sical approach was extended to interacting systems in Ref. ( Jacauodl . l2004at 
iPetitiean and Jacauodl . l2006al ). it only made sense to introduce the Boltzmann echo of Eq. (|f .15|) . Our anal- 
ysis of that quantity has been perhaps a bit underestimated until now and we stress here that it not only allowed us 
to understand better in what regime the fidelity gives an appropriate description of echo experiments, it has moreover 
provided the only theory on the market that explains how a saturation of the decay of the echo signal can occur as 
the time-reversal operation is made more a nd more accurate, i.e. as the perturbation is made weaker and weaker. 
This is the main experimental result of Ref. ( Pastawski et aZ.l . l2000t ) which provided Jalabert a nd Pa stawski's original 
motivation for their search for a perturbation independent decay ( Jalabert and Pastawski l200l[ ). and, one thing 
leading to another, eventually gave birth to the field of echology, which we attempted to summarize in Sections ILT1 
and IIIII Going from the Loschmidt to the Boltzmann echo, showing how in many instances they are equivalent and 
how semiclassics can be extended to treat interacting systems, we therefore feel that a full cycle of investigations has 
been successfully completed. 

Depending on the balance between the Lyapunov exponent and the strength of the perturbation (of the imperfection 
in the time-reversal operation or of the interaction between subsystems), the exponential Lyapunov decay can turn 
into a perturbation-d ependent, dephasing generated decay. The very existence of this golden rule decay, as it was 
first dubbed in Ref. ( Jacauod et al\ , l200lt ). is quite surprising. It presupposes that a regime of parameters exist, 
where external perturbations lead to the accumulation of pseudo-random relative phases in wavefunction components 
without relaxing the dynamics, i.e. with no noticeable change in classical trajectories. How is this possible ? The 
answer is provided by rigorously proven theorems on hyperbolic dynamical systems and the shadowing of their orbits 
once these systems are perturbed. It is quite remarkable that such theorems have applications in quantum mechanics, 
even in the semiclassical limit. The fact that a classically weak perturbation must have a vanishing strength in the 
limit H e s — > justifies rigorously (in a physicist's sense) to invoke shadowing in our treatment of the fidelity in that 
regime. Perhaps equally surprising, even this weak a perturbation generates nontrivial behaviors such as quantum 
irreversibility and entanglement generation, and this opens up doors to future analytical investigations of interacting 
systems. We will come back to this momentarily. For the time being, we stress that shadowing does not exist in 
slightly perturbed regular systems, so that our semiclassical approach is a bit harder to justify there. One might 
still expect that perturbed trajectories stay close together for some time in regular systems - after all they have a 
much stronger, algebraically decaying stability - which might well save the day. One should nevertheless always bear 
in mind that regular systems exhibit much larger fluctuations than their chaotic counterparts so that our statistical 
approach might well fail for regular systems, where the average behavior may well be dominated by exceptional events 
not captured by our approach. In any event, one of the key aspects of the investigations presented here is that 
dephasing without relaxation can be rigorously justified in hyperbolic systems. 

For all quantities discussed in this review, and this has already been mentioned several times above, there is a 
quantum-classical competition between dynamically driven effects and dephasing effects. In the asymptotic regime, 
our semiclassical approach expresses Mh{t), Meft), Md(4) and "?(t) as sums over two dominant terms, one of dynamical 
origin, one of dephasing origin, and in chaotic systems we found that both of them decay exponentially with time. 
Who wins the fight is then straightforwardly determined by a direct comparison between the two rates of these 
exponentials, i.e. the measures T of the strength of the perturbation and A of the rate of dynamical stretching. 
To observe a Lyapunov exponent in any of these quantities, one must have T > A (where T = 2T2 for interacting 
systems). Once the initial surprise is passed that different regimes are determined by a direct comparison between a 
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purely quantum mechanical and a classical quantity, this relation is rather transparent and appealing. It states that 
classical effects, decaying on a time scale A -1 , are observable only once/if quantum mechanical dephasing effects, with 
a typical time scale set in so fast that quantum coherence is practically lost before A" 1 . Only then does one have 
a chance to observe the classical Lyapunov exponents in the quantities we discussed in this review. Is there anything 
useful for decoherence one can learn from that ? The answer is yes. Let us go back to the standard formulation of 
decoherence starting from the m aster equation of Eq. (|4.22|) valid in the regime of weak system-environment coupling 
( Joos et "all . 120031 ; IZurekl . 120031 ). We rewrite here this master equation which determines the time-evolution of the 
system's Wigner function W(p, q;f) as 



d t w = {h,w} + Y, 



•in 



d 2n+1 Vd 2n+1 W 
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(5.1) 



The right-hand side is the classical Poisson bracket. Alone, it would give the classical equation of motions. The 
second term, written here for the case of a momentum-independent potential V(q), exists already in closed systems, 
without environment, and generates quantum corrections to the dynamical evolution of W - in Eq. (|5.ip . we gave the 
^--dependence of that term to make this more explicit. This term starts to become comparable to the Poisson bracket 
at the Ehrenfest time te - in absence of environment, 7 cx DT = 0, this equation establishes that the quantum 
mechanical dynamics follows the classical one for short times. A true quantum-classical correspondence requires that, 
one way or another, there is a certain regime of parameter where the last three terms on the right-hand side of 
Eq. (|5.1[) cancel out. The last two terms are induced by the coupling to the environment, and it has been argued that 
in the limit of weak coupling, 7 — > 0, but finite diffusion constant, D cx 7T = Cst, the friction term cx 7 vanishes, 
but the momentum diffusion term cx D induces enough noise so as to kill the quantum corrections (the second term 
on the right-hand side) before they become important. Is this all ? If the answer is yes, then this leaves the classical 
dynamics unaffected and the time-evolution of W is then solely governed by the classical Poisson bracket, that is to 
say, classical dynamics emerges out of quantum mechanics. As appealing as it is, one might wonder whether this 
argument is generically applicable - when is it possible to generate enough dephasing without relaxation ? In other 
words, is it possible to kill the second term on the right-hand side of Eq. 15.11 with the last two terms, without having 
to substitute H — > H'(H, 7, D) in the Poisson bracket ? The answer is yes, and it turns out that the validity of this 
standard argument for the quantum-classical correspondence is directly related to our investigations of the purity, in 
that shadowing might possibly be invoked to legitimate the standard view on decoherence. The purity measures the 
weight of off-diagonal elements of pi(t), and hence of the importance of coherent effects. In the regime 2r2 ^> A, 
when the interaction generates fast enough dephasing (but T2 < B and the interaction is still scmiclassically small 
enough that it is classically negligible for h c g — > 0), J'(i) furthermore reaches its minimal value at the Ehrenfest time. 
Thus, quantum effects are killed before they have a chance to appear. In that regime, one therefore expects the 
quantum-classical correspondence to become complete in the semiclassical limit. Numerical evidences supporting this 
reasoning have been presented above in Chapter IIV.EI 

The agreement between our predictions and exact quantum mechanical calculations is quantitative. This is 
not trivial at all, given that semiclassical approaches take into account leading-order (in S e ff) corrections to clas- 
sical dynamics only. Given the transparent physical content of semiclassics, it is certainly advantageous to try 
and apply the methods developed above and the gained knowledge in decoherence, entanglement and quantum 
reversibility, to other problems in complex quantum systems. Now that we have outlined how RMT and semi- 
classical methods can be successfully applied to quantum dynamical problems, one might wonder what is next. 
It seems pretty clear that the current flow of the interdisciplinary field of quantum chaos goes toward many- 
body physics, and we believe that the topics outlined here are no exceptio n to that trend. Recent works in - 
deed a bound on the dynamics of multipartite entanglement and decoheren ce (ICarvalho et all 12004 Mintert et al 



Chandran et all 120071 ; ISantod . 120031 120061 ; ISantos and Rigohnl . 120051; ISantos et al. 2004 Viola and Barnum , 



2005afbT), entanglement and decoherence i n many-body latti c e sys t ems ([Amico el all l2008t Brown et 



L 2007 ), reversibil ity in many-body cold atomic gases (jBodvfelt et all 120071; Cucchiettil; Liu et al 



2007 



2006; 



2005 



Manfredi and Hervieuxl . [2008h and close to many-body quantum phase transitions ( Cucchietti ; Somma et aU ^OO*^ . 



Most of these works considere d discrete lattice models which often exhibit quantum chaotic - i.e. RMT- like - s pectral 
and wavefunction properties dFlambaum et al. , 1996aHFlambaum and Izrailev . JgOOOl . l200lt iFlambaum et al. , 199(ib: 
IGeorgeot and Shepelvanskvlll997 ; Jacquod and Shepelvanskv , 1997 ; Aberd . ~990l ). even in absence of disorder or ran- 
domness ( Montambaux et aU . 1993t " Poilblanc et all 19931 ). This should certainly motivate the extension of the RMT 



approach developed in this review to many-body s ystems. The same approach might be useful in analyzing the fidelit; 



lty 

in many-body spin models o f quantum computers ( Flambaiiml |2000| ; iFrahm et al. , 12004 IGeorgeot and Shepelvanskv! . 



120001 ; ISilvestrov et all l200lh , or decoherence due to many-body baths made out of spins (lLages et all l2005h . We 



foresee in that context tha t RMT might allow to perform controlled analyt i cal ca lculations beyond models of nonin- 
teracting many-spin bath ( Cucchietti et aU^OO l lZurekl . Il992l ; IZurek et all 120071 ) . 
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In parallel to this extension of RMT to discrete many-body systems, continuous systems might be treated semiclassi- 
cally. It has already been note d that numeric al investigations have shown that many-body chaotic systems also exhibit 
stability over quite long times ( Haved . l2003al lbl). This properties of theirs might be put to use for a semiclassical treat- 
ment of not too strongly interacting many-body dynamical systems. In the spirit of this review, RMT and semiclassical 
approaches may be applied in parallel, for instance, to treat decoherence due to compl ex interacting environments , 
going beyond the bath of noninteracting harmonic oscillators of Caldeira and Leggett ( Caldeira and Leggettl . [l98ll 
Il983l ) . One might finally wonder how the assumption we made above that two-body interactions do not alter classical 
trajectories can be lifted in order to extend our semiclassical approach to treat dissipation in strongly interacting 
quantum dynamical systems. The analytical approaches we presented in this review seem very promising, however 
much is left to be done. 
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Appendix A: Semiclassical theory 
1. General considerations 

In the search for semiclassical approximations to quantum mechanical wavefunction amplitudes one expresses the 
latter as 

^(r)=^A„(r)exp[^„(r)]. (Al) 

n 

The sums runs over all possible ways to reach r from a given initial condition. The total number of ways depends on 
the underlying classical dynamics. In regular systems, this number remains finite, with a finite number of different 
momenta p„(r) = V0„(r) restricted by integrals of motion. With the Bornian interpretation of the wavefunction, 
|A„(r)| 2 gives the classical probability to reach r following the n th way, and the phase is given by a well defined action 
integral along the corresponding classical path, </> ra (r) = J pdr'. Such an approximation is standardly called WKB 
or eikonal approximation. 

The situation is altogether different in chaotic systems, where the number of terms in the sum in Eq. (|Alj) blows up 
to infinity with time. Still, useful semiclassical expression can be derived that look very similar to Eq. (|A1[) . The time- 
evolution kernel K H °(r, r ;t) = (r| exp[— iH t]\r ) propagates the quantum amplitude from r to r. Its semiclassical 
approximation starts from the path integral formulation for K - the Feynman-Kac formula - and enforces a stationary 
phase condition on it. The result is that K becomes a sum ove r all possible classical trajectories generated by Hq 
connecting r and r in the time t ( Gutzwilleil 1X99 ol : iHaakd . 1 2 lh 



V>(M) = <r|expHiT t)|V>o> = f dv'^K^iv^t)^^), (A2a) 

£,1/2 

K?°(r,T> ;t) = -^- IN eiq ? [iSf (T,T' -,t) - in^/2\. (A2b) 

The classical trajectories are labeled s and correspond to all possible initial momenta compatible with ?/>o j pointing out 
of Tq and going to r after a time-evolution of duration t. For each s, the partial semiclassical propagator K s contains 
the action integral Sf°(r, r' ;t) along s, the determinant C s = |det£> s | of the stability matrix D s = —dp s /dr' (p s 
is the final momentum on s), and a topological Morse index fi s . The latter counts the number of conjugate points 
encountered by s between r' and r, where D s has a diverging eigenvalue. Going through a conjugate point, one 
eigenvalue of D s goes to infinity and back to a finite value with a sign change. Each such sign change leads to a unit 
increment of the Morse index. The value of this index turns out to be irrelevant in all the calculations presented in 
this review, however its presence is conceptually of utmost importance. It was indeed one of the main difficulties of 
constructing a semiclassical theory for nonintegrablc systems to extend the propagator beyond the first passage at a 
conjugate point, and for a long time, it was believed that scmiclassics would break down at the Ehrcnfcst time te, 
since the latter gives an estimate for the average time to reach a first conjugate point. Semiclassics can be extended 
beyond te, however, provided one takes into account the increment in the topological Morse index at each conjugate 
point. Numerous numerical experiments have confirmed that semiclassics allows to calculate the time evolution of 
smooth , initially localized wavepackets up to algebraically long t imes in the effective Planck's constant oc 0(H~g ) (with 
a > 0) (jHeller and Tomsovid . Il993l ; iTomsovic and Hellerl . Il99lh . Conjugate points do not pose much of a problem in 
that they are isolated - the semiclassical propagation is singular only for discrete positions, and these singularities 
are anyway blurred by the finite spatial resolution brought about by quantum mechanics. 

Early scmiclassics focused on the density of states of dynamical systems, with the crowning achievement provided 
by Gutzwillcr's celebrated trace formula, giving the oscillatory part of the density of states - more precisely the 
leading order correction to the Thomas-Fermi density of states - given by a sum over all periodic orbits in the system. 
Even more interesting physical quantities are based on products of even numbers of propagators or Green's function. 
Examples include the conductance/conductivity in solid-state systems, the density-density correlation function, or its 
Fourier transform, the form factor, in dynamical systems, or the fidelity Ml(*) and all its offsprings discussed in this 
review. Generally speaking, the semiclassical calculation of such quantities is a two-stage process. First, one identi- 
fies contributions satisfying a stationary phase condition, i.e. sets of trajectories (si, s%, S2n) such that the action 

difference SS SliS2 S2n = S Sl — S S2 + ... — S S2rl is stationary under the variation of an external parameter, in most 

instances, the energy. The formal justification for that step is, for instance, that one performs an average over a finite 
energy interval, which cancels out contributions that are not stationary. Whereas recent semiclassical investigations 
have Drought the identification of stationary phase condition s to a sophisticated, almost artistic level dHeusler et 



l2007l l2006t iJacouod and Whitney! . l2006t iMuller et all 12004 iPetitiean etHH 120081 : iRahav and Brouweii 120051 . 12006 ; 
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iRichter and Sieberl . l2002t ISieberl . 120021 ; ISieber and Richterl . l200lt IWhitnev and Jacquodl . 120061 ). most, if not all in- 
teresting observable effects in the Loschmidt echo are captured within diagonal approximations, where classical 
trajectories are paired. Why is that so ? To incorporate interesting interference effects into semiclassics, formu- 
las must be derived that still contain finite phase differences. When considering only a single unperturbed system, 
this requires to search for nontrivial trajectory pairing. This is the situation encountered, e.g., in the semiclas- 
sical theory of quantum transport or when calculatin g the form factor for closed chaotic systems dHeusler et al. , 
20071. l200a iJacauod and Whitnevl. l2006t iMiiller et all l200l iPetitiean et all 120081; iRahav and Brouwerl 120051. l200e ; 
Richter and Sieberl . 120021 ; ISieberl . l2002t ISieber and Richterl . l200ll ; IWhitnev and Jacquodl . I2006TJ . Life is a bit easier 



when one is interested in quantities depending on two different Hamiltonians. In this case, diagonal pairing still retains 
coherent interferences arising from phase differences due to the perturbation acting on only one of the trajectories. 

The second step in semiclassical calculations is to construct a sum rule which relates sums over classical trajectories 
by integrals. In the case of the Loschmidt echo, the relevant sum rule are similar to 



J dr^C* s cxp[-z/(p s - pn) 2 ] 



(A3) 



There are two ways to justify this sum rule. Ref. (jJalabert and PastawskiL l200ll ) noted that C s gives the Jacobian 
of the transformation from position to momentum integration variable. The resulting Gaussian integral over p s is 
then properly normalized and this gives Eq. (|A3[) . To be strictly valid, however, this argument further requires that 
the times considered are long enough that almost all trajectories in the sum in Eq. (|A3[) are ergodic. This is in the 
same spirit as the Hanay-Ozorio de Al meida sum rule invoked to calculate the form factor ( Ozorio de Almeidal . 1 19881 
lHannav and Ozorio de Almeida! . Il984l ). Eq. (|A3[) is however equally valid at short, pre-Ehrenfest times, when the 
diagonal approximation is exact. This is easily seen by semiclassically calculating the left hand-side of the equation 



dr(r| cxp[— iHt] \tp ) 



1, 



(A4) 



and enforcing a diagonal pairing on the pair of classical trajectories in the squared amplitude. 



2. Average fidelity 

Inserting Eq. (|A2[) into Eq. (|2.1|) we rewrite the fidelity as 



M L (t) 



dr / dr' / dr^ (r^o*(ro) £<°(r,r ;i) [K^r^t)]* 



Sl,S 2 



(A5) 



Up to now, the only approximation made is the stationary phase condition extracting the semiclassical propagator 
from the path integral formulation of the quantum propagator. The above expression is expected to be accurate for 
(i) times longer than r m i n = 1/E, and (ii) in the semiclassical limit of large quantum numbers. The second condition 
readily imposes that r m i n is short, that enforcing a stationary phase condition is justified, and that the Heisenberg 
time, th, is long. 

Noting that ipo is a narrow Gaussian wavepacket centered on r and that it thus restricts the range of r' and r ', we 
linearize the action around ro as S s (r, r' Q ;t) ~ S s (r, ro; t) — (r' — ro) ■ p s , with initial momentum p s = —dS s /drQ. We 
then calculate the integrals over r' and r '. We are going to see momentarily that semiclassically motivated stationary 
phase approximations reduce the four-fold sum over classical paths to three dominant terms, two involving a two-fold 
sum, one involving a single sum over classical paths. These three contributions are sketched on the right-hand side of 
Fig.H 

We next enforce a stationary phase approximation on the action phase difference S Sl (r , ro ; t) — S S2 (r, ro ; t) appearing 
in Eq. (|A5|) . The reason for this is that we calculate the fidelity averaged over an ensemble of initial Gaussian 



wavepackets ipo- As the center of mass ro of these initial states is moved, the difference S Sl (r, ro;£) — S S2 (r,ro;t) 
fluctuates, so that the only contributions that survive the average are those which minimize these fluctuations. The 
dominant such contribution is obtained from the diagonal approximation si = s% = s, from which one gets the 
leading-order semiclassical fidelity 



2\d 



M L (t) = (W) 



dr [K? (r, r ; t)]*Kf (r, r ; t) exp(- 



Pol 2 ) 



(A6) 
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Eqs. (|A2HA6[) arc equally valid for regular and chaotic Hamiltonians, as long as semiclassics applies. Squaring the 
amplitude in Eq. (|A6[) leads to a double sum over classical paths s and s' and a double integration over coordinates 
r and r', 

M L (t) = [v 2 h) d J dr J dr'Y^C s C s ,eiq>[itiSs(r,r ;t)-i6S s ,(r',r ;t)] 

x exp(-^ 2 | Ps - po| 2 - ^ 2 | Ps , - po| 2 ), (A7) 

with 5S s (r,r ;t) = Sf°(r,r ;t) - Sf(r,r ;t). Accordingly, M L (i) = DVt£^ (t) + M[ nd) (t) splits into two contributions, 
depending on whether the trajectories s and s' are correlated (s ~ s' , within a spatial resolution v) or not (s 7^ s'). 
We call the correlated contribution the diagonal contribution, and the uncorrelated one the nondiagonal contribution 
by some abuse of language, even though both contributions already emerge from the diagonal approximation si ~ S2 
we made to go from Eq. (|A5|) to Eq. (|A6[) . The decay of the diagonal contribution is governed by the decay of 
overlap of |-0f) = exp[— iHotWipo) and \ipn) = exp[— iHt]\ipo), while the behavior of the nondiagonal contribution is 
determined by the E-induced dephasing between the wavepacket propagating along s and the one propagating along 
s' . Below we show that the diagonal contribution sensitively depends on whether Hq is regular or chaotic, while the 
nondiagonal contribution is generically insensitive to the nature of the classical dynamics set by Hq, provided that 
the perturbation Hamiltonian £ induces enough mixing of eigenstates of Ho, and in particular that it has no common 
integral of motion with H . 

We first consider the diagonal contribution M[ (<). With s ~ s' , and hence r ~ r', both conditions to be satisfied 
with a spatial resolution v, we expand the phase difference in Eq. (|A7p as 



6^ s = SS s (v,v ;t)-SS s ^ s (T',r ;t)= f dt V£[q(i)] • (q(i ) - q'(i )) . (A8) 

Jo 

The points q and q' lie on s ~ s' with q(t) = r, q'(t) = r', and q(0) = q'(0) = r . Regular systems having a linear 
increase of the distance between two nearby initial conditions have to be differentiated from chaotic ones which exhibit 
local exponential sensitivity to initial conditions. Asymptotically, one writes 

|q(*)-q'(*)| - - v'\, regular systems, (A9a) 

|q(*)-q'(*)| - exp[A(£-£)] |r-r'|, chaotic systems. (A9b) 

In both instances, the spatial integrations and the sums over classical paths in Eq. (|A7j) lead to the phase averaging 

exp(^$ s ) (exp(itf$ s )) ~ cxp[-i(^ 2 )], (A10) 

which is justified by our assumption that £ varies rapidly along a classical trajectory. Because of the further assumption 
that S and Hq have no common integral of motion, we expect a typically fast decay of correlations, both for regular 
and chaotic systems, 

(fisE[q(t)]fl!jE[q(F)]) = US^t-t'). (All) 

Two remarks are in order here. First, it is obvious that this latter assumption is easily violated by specific choices of 
perturbation o n regular or integrable syste ms. Second, the fast decay (|A11[) of correlations is generic in chaotic systems 
(see e .g. Ref. ( Collet and Eckmannl . f2003 )). This allows us to generalize the results of Ref. ( Jalabert and PastawskiL 



2001), which were derived with a specific perturbation in the form of a distribution of smooth impurities. The 
perturbation considered from here on is instead not specified, except for the decay (|A11[) of its correlations. 
With Eqs. £M]), (|A"9)) , l|A10p . and (|A11|) . Eq. JAT]) gives for the diagonal contribution to the Loschmidt echo 

M[ d \t) = (v 2 /nY l J ' dv + J 'dr_^^xp(-i[/Tr 2 _)cxpH^ 2 |p s -p | 2 ), (A12) 

with t = t/6 for regular systems and r = A _1 (l — cxp[— Xi\) ~ A -1 for chaotic systems. The rest of the calculation is 
straightforward. The Gaussian integration over r_ = r r' ensures that r sa r', and hence r + = (r + r')/2 f=a r. The 
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change of variables from r + to p s delivers a second Gaussian integral by means of 

f dr V C 2 = I ^ + d f dPs ' re S ular systems, 

J ^ s exp[—Xt] J dp s , chaotic systems. 

In this latter expression we took into account the algebraic stability of regular systems with C s oc t~ d (regularized at 
short times with to) to be contrasted with the exponential instability of chaotic systems with C s oc exp[— At]. One 
finally arrives at 

t~ d , regular systems with Ut < v~ 2 , 
M[ d) (t) oc \ t~ 3d / 2 , regular systems with Ut > v~ 2 , (A14) 
exp[— At], chaotic systems, 

where, because the integral over r_ in Eq. (|A12|) is restricted to r < v, cxp[— Utt 2 _/2] matters only if Ut > v~ 2 . In 
this case there is an additional contribution oc t d l 2 to the decay of Ml, otherwise, the decay is only given by C s oc t~ d . 
In the semiclassical limit v — > 0, there is a crossover from a t~ d behavior at short times to a t~ 3d / 2 behavior at longer 
times. These decays are rather insensitive to the choice (|A1 1|) of a <5-function force correlator. Even a power-law 
decaying correlator oc |t — t'|~ a reproduces Eqs. (|A14j) at large enough times, provided a > 1. Still our assumption 
of short-ranged correlations, Eq. (jAlljl . is not always satisfied in regular systems, where it is actually the rule, rather 
than the exception, that correlators such as the one in Eq. (|A11|) decay more slowly than t _1 . Assuming a constant 
correlator 

(c9 J E[q(t)]a j S[q(t')]) = U%j (A15) 

results in r = t 2 /8 in Eq. (|A12j) . which can lead, for U't > v~ 2 to an accelerated, but still power-law decay of the 
diagonal contribution to the fidelity, Ml(<) oc t~ 2d , in regular systems. We believe that the decay of the average 
fidelity in regular systems is generically algebraic, however, the exponent with which Mi^t) decays can vary from case 
to case. 

We next calculate the nondiagonal contribution M L nd ' ) (t) to Eq. (|A7j) . One argues that the action phases accumu- 
lated on s =/= s' are uncorrelated to perform the phase averaging separately for s and s' with 

{exp[iSS B ]) = exp(-i(^ 2 )) = cxp ^-i J di ^ d?(S[q(t)]E[q(F)])^ . (A16) 

Here q(t) lies on path s with q(0) = ro and q(t) = r. We next note that, for chaotic systems, one generically observes 
fast, exponential decays of correlations. Assuming additionally that E and Hq have no common integral of motion, 
so that SS S fluctuates fast and randomly enough, the correlator of E gives the golden rule decay 

M L nd) (t) oc cxp(-rt), with n=i / di f dt'(E[q(t)]E[q(t')]), (A17) 

2 Jo Jo 

regardless of whether Ho is chaotic or regular. 

Our semiclassical approach thus predicts that the Loschmidt echo is given by the sum of the diagonal and nondi- 
agonal terms, 

t~ d , regular systems, Ut < v~ 2 , 
M L (t) = M L d) (t) + M L nd) (t) oc \ t -3d/2 ) regular syst e mSj Ut > v~ 2 \ (A18) 

ae _At + e~ rt , chaotic systems. 

It has apparently never been noticed that the semiclassical approach also gives the long-time saturation of the 
Loschmidt echo. To see this we go back one step before the diagonal approximation leading to Eq. (|A6|) . We have 



M L (t) = (u 2 /n) d [dr f dr' £ ^(r^o^)^^^^)]*^^,^^)]*^^,^^) 

S1,S 2 ,S 3 ,S4 

xexp(-^ 2 [|p Sl - Pol 2 + |p S2 -po| 2 + |p S3 -Po| 2 + |p S4 -p | 2 ]/2). (A19) 
Pairing the trajectories as s\ — S3 and S2 = S4 exactly cancels all action phases, and simultaneously requires r ~ r' 
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within the wavelength resolution v. Assuming ergodicity, one substitutes 

J dr'0{v - |r - r'|) (t^/Sl) J dr', (A20) 

with the system's spatial volume H. 

The rest of the calculation is straightforward, and follows steps already described above. The C s 's are used to 
transform from spatial integration variables to momentum integration variables. One is then left with two normalized 
Gaussian integrals, multiplied by a prefactor [y d /f2) = h e ff- Hence one gets a time-independent contribution 

Ml(oo) = fieff 9(t > r E ), (A21) 

corresponding to the long-time saturation of Ml- This term requires that different paths exist between ro and r ~ r' 
(see the r ightmost contribution sketched in Fig. EH and therefore does not exist for t i mes shorter than the Ehrenfest 
time tr ( Berman a nd Zasl avskvlll978tlBerrv and Balaszlll979l ; IChirikov et qfX [l98li Il988t iLaxkin and Ovchinnikovl 



Il968h . It is given by the time it takes the classical dynamics to increase the distance between two trajectories from v 
to L. The trajectory pairings that lead to these results, Eqs. (|A18|) and (|A21|) are summarized in Fig. [31 



3. Mesoscopic fluctuations of the Loschmidt echo 

We want to calculate M£- Squaring Eq. (|2.3|) . we see that it is given by eight sums over classical paths and twelve 
spatial integrations. Eight of these integrals can be calculated once we note, as before, that ipo is a narrow Gaussian 
wavepacket, and accordingly linearize all eight action integrals around ro, S s (r, r' ;t) ~ S s (r, ro;i) — (r — ro) • p s . We 
can then perform the Gaussian integrations over the eight initial positions r , r '... and so forth. In this way M 2 (i) is 
expressed as a sum over eight trajectories connecting ro to four independent final points Vj over which one integrates, 

Ml® = / II dF i E ex P [z($^ -$ H ~ ttS/2)] J] C?/ a - expC-i/^p* /2). (A22) 

j = \ s i ;t=l i ^ ' 

Here we introduced the sum S = X)i=o( — 1)*(M«34+i — ^21+2) °f Maslov indices and the momentum difference <5p Si = 
Psi — Po- The right-hand side of Eq. (|A22[) is schematically described in Fig. 0J Eq. (|A22[) is dominated by terms 
where the variation of the difference of the two action phases 

$ Ho = 5^(r 1 ,ro;t)-^(r 2 ,ro;t) + ^(r4,r ;t)-5^(r 3 ,r ;t), (A23a) 
$ H = S£(ri,r ;t) - Sg(r 2 ,r ;t) + Sg(r 4 ,r ;t) - S? 8 (r 3 , r ; t), (A23b) 

is minimal. The four dominant contributions to the fidelity variance are depicted on the right-hand side of Fig. [5j We 
now proceed to calculate them one by one. 

The first one corresponds to s\ = s 2 — sj = s% and S3 = S4 ~ S5 = sq, which requires ri ~ r3, r 2 — r^, and gives a 
contribution 

^/ dr 1 dr 3 J2 C l exph2z, 2 <5p 2 i +i <5$ si ]9(^- | ri -r 3 |)^ . (A24) 

Here SQ Sl = J* dt'VE[q(t')][q Sl (t r ) — q S7 (t')] originates from the same linearization of £ on s = si t2 — s' = S7.8 that 
was used earlier in the calculation of the average fidelity, and q Sl (i) lies on si with q(0) = ro and q(t) = ri. In 
Eq. (|A24p the integrations are restricted by |ri — r3 1 < v because of the finite resolution with which two paths can 
be equated (this is also enforced by the presence of H§ s as we will see momentarily). For long enough times, t ^S> t* 

with t* defined by the first root of | J* E(q s (i),t)| = 1 on a typical trajectory s, the phases <5$ s fluctuate randomly 
and exhibit no correlation between different trajectories. This justifies to apply the Central Limit Theorem (CLT) 
(exp[iS^ s }} = exp[-(<5$ 2 )/2] ~ exp[-/di(VE(0) • VS(t) )|n - r 3 | 2 /2A]. Using Eq. (fATT|) . one then obtains a similar 
Gaussian damping of relative coordinates as in Eq. (|A12[) . We perform the change of integration variable given in the 
second line of Eq. (|A13[) to get the first contribution to c 2 (Ml), 

<t\ = a 2 cxp[-2At], (A25a) 



82 



where a is the same as in Eq. (|2 . 1 3[) . 

The second dominant term is obtained from S\ = s 2 ~ s 7 = s 8 , s 3 = S4 and S5 = Sg, with ~ r 3 , or equivalently 
Si = S2j S7 = S8 and S3 = S4 ~ S5 = sg with r 2 ~ r4. It comes with a multiplicity of two, and reads 



2d , n x 2 



a\ = 2^j (^J dr 2 J2C S3 eM-v 2 $P 2 S3 

x(^J dndr^Cl cxp[-2i/ 2 Jp2 i +m n ]Q{v- |rj -r 3 |)Y (A26) 

again with the restriction |ri — r 3 | < i/. To calculate the first bracket on the right-hand side of Eq. (|A26j) . we first 
average the complex exponential, assuming again that enough time has elapsed so that actions are randomized. The 
CLT gives (exp[i&S S3 ]) = cxp(-±(<SS 2 3 )) with 

(AS* ) - f dt f dP(X3[q(t)]X3[q(?)]). (A27) 
Jo Jo 

Here q(t) lies on S3 with q(0) = rp and q(t) = r 2 . We already observed above that in hyperbolic systems, correlators 



typically decay exponentially fast ( Collet and Eckmannl . 120041 ) . which justifies the assumption made in Eq. (|A11|) of 
5-correlated perturbations 

<E[q(t)]£[q(?)]> «<*(«-?)■ (A28) 



Here we depart slightly from Ref. ( Petitiean and Jacauodl . 120051 ) which instead considered an exponentially decaying 



correlator, with a decay rate bounded from above by the smallest positive Lyapunov exponent. These two choices 
differ only by exponentially small corrections in the limit of large enough times, t > A" 1 , for which even algebraic 
decaying correlations deliver the same answer [see the discussion below Eq. (|2.12p ]. One obtains (SS 2 ' ) = Tt. In the 
RMT approach, T is identified with the golden rule spreading of eigenstates of H over those of Hq (fjacquod et all 
l200ll ). It is dominated by the short-time behavior of (£[q(f)lS][q(0)l) . Expressions simi l ar to Eq. (IA27D rela ting the 
decay of Ml to perturbation correlators have been derived in Refs. (jGorin et al. 1. 12004 iProsen et all l2003h using a 
more restricted, linear response approach. We next use the sum rule of Eq. (|A3[) to finally obtain 



cr| ~ 2a cxp [- At] cxp [- Tt] . ( A29) 

The third and last dominant time-dependent term arises from either si = S7, s 2 = sg, S3 = S4, S5 = sg and ri ~ r3, 
or Si = s 2 , S3 = S5, S4 = sg, sj = ss and r 2 ~ T4. It thus also has a multiplicity of two and reads 

a\ = 2 (^p) ^ J dtidridrsdn ]T C 31 C S2 C sa C S5 otpf-i/ 2 ^ + <5p 2 2 + Sp 2 3 + Sp 2 J] 

x exp[i(<5S S3 - 6S n )] 8(1/ - |r x - r 3 |)Y (A30) 

To take the restriction into account that the integrations have to be performed with |ri — r,3 1 < v, we assume ergodicity 
and set 

^ J dr 1 dr 2 dr 3 dr 4 . . . Q(u - |n - r 3 |)^ = h eG ^ J dr 1 dr 2 dr 3 dr 4 ...^Q(t- r E ), (A31) 

which is valid for times larger than the Ehrenfest time. For shorter times, t < rg, the third diagram on the right-hand 
side of Fig. O goes into the second one. Once again we use the CLT to average the phases. One gets Eq. (|2.19D . 



4. Displacement echo 



We semiclassically evaluate Md defined in Eq. 
wavepackct, -0o( r ) = {^v 2 )~ d l^ exp[ipo ■ (r — r n ) 



the Gutzwillcr-van Vleck propagator (jCvitanovic et al 



Ij2.47j) . As for the Loschmidt echo, we consider an initial Gaussian 
r | 2 /2t / 2 1. We semiclassically propagate \il>g) with the help of 
" 20051: iGutzwilled . Il990t iHaakd . 120011: iTomsovic and Helled . 
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Il99ll ). and expand linearly around ro, 



(r'|exp[-iffi]|Vo) 



d/2 



~7^j ^2 s/CsVxpliSa - - v 2 {Ps - Po)/2] 



(A32) 



Here, the sum runs over all possible classical trajectories s connecting ro and r' in the time t, p s = — dS s /dr\ T=rg 
is the initial momentum on s, S s is the classical action accumulated on s, v s is the Maslov index and C s = 
— d 2 S s (r' , r; t) j dridr'j | . The kernel of Md(*) involves a double sum over classical trajectories si and S2, which can 
be interpreted as the overlap between a wavepacket that is boosted and subsequently propagated with a wavepacket 
that is first propagated and subsequently boosted. Enforcing a stationary phase condition kills all but the contribu- 
tions with the smallest actions. As for the standard Loschmidt echo [see above Eq. (|A6[) ]. one therefore enforces a 
stationary phase condition which, to leading order, requires si = S2 . Taking the squared amplitude of the kernel, one 
obtains the semiclassical expression for the displacement echo (corresponding to Eq. I]2.4[) for the Loschmidt echo) 



M D (t) 



—\ J dr dr' °s Cs' exp[iP • (r - r')] 

/ o. of 



(A33) 



x exp 



2 



( Ps - po) 2 + (p s - PO P) 2 + (Ps< - Po) 2 + (Ps' - PO - P) 



We calculate the ensemble-averaged displacement echo over a set of initial Gaussian wavepackets with varying center of 
mass ro for which, as for the Loschmidt echo, there are two qualitatively different contributions. The first contribution, 
, comes from pairs s ~ s' of correlated trajectories that remain within a distance < v of each other for the whole 

duration of the experiment, while the second contribution, Mp , arises from pairs of uncorrelated trajectories s ^ s'. 
For the first contribution, we write exp[iP(r — r')] f=a 1, which is true in the semiclassical limit where z> — s- 0, and set 
s = s'. One then has 



3Y4 d) (t) 



drdr' Q(v — |r — r' 



(A34) 



where the Heaviside function Q{v — |r — r'|) restricts the integrals to |r — r'| < v. The calculation of (|A34[) is 
straightforward. The integral over r' gives a factor v d . One then changes integration variable as in Eq. (|A13|) . A 
Gaussian integration finally delivers the correlated contribution to Md(^), 



3v4 d) (i) = a exp[-(P^) 2 /2] exp[-At] 



(A35) 



Here, a = 0(1) is only weakly time-dependent (jjalabert and Pastaw ski. 200lt IPetitiean et ~ai\. \200l\) . 

For the uncorrelated part, an ergodicity assumption is justified at sufficiently large times, under which one gets 



M ( £ d) (t) - /(P)M7(t) 



(nd). 



/(P) = VL- 2 J drdr'cxp[iP-(r-r')], 



(nd) 



(*) = I" 



v r 

dx 2J C s exp-— (p s - po) 2 + (p s po - P) 5 



(A36a) 
(A36b) 

(A36c) 



where as usual 51 oc L d is the system's volume. It is straightforwardly seen that M^ nd) (t) = cxp[— (P^) 2 /2], and 
/(P) = £?(|P|L)/(|P|£) 2 , in terms of an oscillatory function g(\P\L) = 4 sin 2 (|P|L/2) for d = 1 and g(\P\L) = 
AJ 2 (\P\L) for d — 2. For d = 3, g is given by Bessel and Struve functions. Finally, the uncorrelated contribution 
reads 



M { » d \t) = cxp[-(P l ,) 2 /2] ff (|P|L) / 



|P|i) 5 



(A37) 



Together with Eq. (|A35|) this gives the total displacement echo 



M D (i) =exp[-(P^) 2 /2] 



a exp [—At] 



9(\P\L) 
(\P\L) 2 



(A38) 
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As is the case for the Loschmidt echo, the semiclassical approach also delivers the long-time saturation Md(oo) = 
h cff = N^ 1 , valid for displacements such that g(|P|L)/(|P|L) 2 < iV _1 . 



5. Bipartite entanglement 



Our goal is to calculate the purity y(t) = Tr[pf(t)] of the reduced density matrix for a bipartite systems of two 
interacting few-degrees of freedom dynamical system. We start with an initial two-particle product state |i/>i} 55 \ip2) = 
\ipi,ip2)- The state of each particle is a Gaussian wavepacket ^1,2 (y) = (Trv 2 )~ dl - 2 ^ 4 exp[ipi.2 ■ (y — r i,2) — |y — 
ri,2| 2 /2cr 2 ]. We write the two-particle Hamiltonian as 

JC = Ht g> h + h ® H 2 + It, (A39) 

where the two particles arc subjected to possibly different Hamiltonians Hi 2. The interaction potential U appears in 
the semiclassical calculation only via its correlator along classical trajectories. Therefore there is no need to specify 
it, beyond saying that it depends only on the distance between the particles, and that it is characterized by a typical 
length scale Q > u. This can be its range, or the scale over which it fluctuates. The two-particle density matrix 
evolves according to 

pit) = cxp[-iJfi]p cxp[iJft] , (A40a) 
Po = \1>i,ih){il>i,W- ( A40b ) 
The elements pi(x, y;t) = J dr(x, r|p(t)|y, r) of the reduced density matrix read 

pi(x,y;t) = (™ 2 )- {dl+d2) fdr I ' f[d Yl e -{(y 1 -r 1 ) 2 +(y2-r 2 ) 2 +(y3-r 1 ) 2 + ( y4 -r 2 ) 2 }/2^ 

J J i=l 

x gi^-Csn-ys) e *p a -(y a -y«) ( x ,r| e - 4Mt | yi , y2 )( y3 , y4 |e j:Kt |y,r). (A41) 
We next introduce the semiclassical two-particle propagator 

(x,r|e- j:Kt | y i,V2) = (2m)-^ +d2 ^ 2 ^ Q 1 ^, e *{A(x,y Ii *)+5^(r 1 y ai t)+iS. ia ,(x,y I! r 1 y ai t)} ) (A42) 



which is expressed as a sum over pairs of classical trajectories, labeled s and s', respectively connecting yi to x and 
y 2 to r in the time t. Each such pair of paths gives a contribution containing one-particle actions S s and S a > (they 
include the Maslov indices) and two-particle action integrals 

S a ,,/= / *iU(q s (ii),q^(ti)), (A43) 
Jo 

accumulated along s and s', and the determinant C s . s ' = C S C S > of the stability matrix corresponding to the two- 
particle dynamics in the (di + ^2)— dimensional space. Eq. (|A42[) relies on the assumption that individual particle 
trajectories can be identified and are not modified by the interaction between the two particles. The only effect of the 
interaction is to contribute a two-particle term in the action accumulated on those trajectories. As for the Loschmidt 
echo, this approximation is justified by the structural stability of chaotic systems, where perturbed (with interaction) 
trajectories are shadowed by unperturbed (noninteracting) t rajectories. N umerical investigations have shown that 
structural stability also exists in chaotic many-body systems (jHavesl feOQSal lbh. 

With the above definition, C SjS ' is real and positive. Because we consider sufficiently smooth interaction poten- 
tials, varying over a distance much larger than the de Broglie wavelength, ( » c, we set S SjS '(x, yi; r, y2; t) ~ 
Ss.s' (x, rj.; r, T2]t). Still we must keep in mind that ri and r2, taken as arguments of the two-particle action integrals 
have a quantum-mechanical uncertainty 0{v). We next use the narrowness of the initial wavepackets to linearize the 
one-particle actions in y, — rj (i = 1, . . .4; j = 1,2). This gives us four Gaussian integrals over the yj's which we 
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perform to obtain 



pi(x,y;t) = (-) ^ ^(C S C ; ) 1/2 exp[-^{(p s -p 1 ) 2 + ( Pi -Pi) 2 }] (A44) 

^ n ' 8,1 

x ? s j(t) eaq>[i{5»(x > n;*)-S'i(y J r 1 ;*)}] 
& a ,i(t) = ^) d2/2 |rfr^(^aO V2 e-^ {(Ps '- p2)2+(Pi '- p2)2} (A45) 
x exp[i{5 s /(r, r 2 ;t) - £j/(r,r 2 ;i) + S S)S /(x,n;r,r 2 ;i) - §;,i'(y, ri;r,r 2 ;*)}]. 



Eq. (|A45[) expresses the influence functional of Feynman and Vernon ( Fevnman and Vernonl . Il963f ) as a sum over 
classical trajectories. 

We consider the weak coupling regime, where the one-particle actions vary faster than their two-particle counterpart. 
We thus perform a stationary phase approximation on the one-particle actions of the environment and accordingly 
pair the trajectories s' ~ I', since they have the same endpoints. We get the semiclassical Feynman- Vernon influence 
functional 

3 s ,l{t) = ( — ) / dr^C s /e- 1/2 ( p ='- p2 ) 2 e^ s <.»'( x ' ri;r ' r2; * ) - s '.»'( y ' ri;r - r2it )>. (A46) 

s' 

It is straightforward to see that our procedure is probability-conserving, Tr[pi(i)] = 1, and that it preserves the 
Hermiticity of the reduced density matrix pi(x, y;t) = [pi(y,x;t)]* ; as required. 

Enforcing a further stationary phase condition on Eq. (|A44[) amounts to performing an average over different initial 
conditions i"i. 2 . It results in s = I, x = y, and thus (/Ci(x, y;t)} = <5 x y /f2i, with the volume Q± occupied by particle 
one. Diagonal elements of the reduced density matrix acquire an ergodic value - this is due to the average over initial 
conditions - and only they have a nonvanishing average. For each initial condition, p\{t) has however nonvanishing 
off-diagonal matrix elements, with a zero-centered distribution whose variance is given by (pi(x, y;t)pi(y, x;f)}. 
Beyond giving the variance of the distribution of off-diagonal matrix elements, this quantity also appears in the purity 
1P(t) = J dx J dy/?i(x, y; t)/9i(y, x;f)), and we therefore proceed to calculate it. 

Squaring Eq. (|A44[) , averaging over ri j2 and enforcing a stationary phase approximation on the S's, one gets 



(pi(x,y;£)pi(y,x;t)) = 



v '2 \ di+d 2 



J drdv' C * Cl C *' Cl ' (S-,.'il,l'> (A47) 

S,S f 1,1' 

x exp[-i/ 2 (p s - pi) 2 + (pj - pO 2 + (p s / - p 2 ) 2 + (pj/ - p 2 ) 2 ], 



(9 s ,s';l,i') = ^exp[i{§ SjS /(x, ri;r, r 2 ;t) - §i, 3 >(y, ri;r, r 2 ;t)}] (A48) 
x exp[z{Szj'(y, ri;r',r 2 ;i) - S s , ( <(x, ri;r',r 2 ;i)}] 



In our analysis of Eqs. (|A47|) and (|A48[) we note that the time-dependence of (|/Qi| 2 ) is given by the sum of three 
positive contributions, 

(pi (x, y; t) Pl (y, x; t)) = S x (x, y; t) + S 2 (x, y; t) + S 3 (x, y; t) . (A49) 

First, those particular paths for which r = r' and s' = I', accumulate no phase (Ss,s';i,s' = 1) & n d thus have to be 
considered separately. On average, their contribution does not depend on x nor y, and decays in time only because of 
their decreasing measure with respect to all the paths with r^r'. By analogy with the calculation of Ml we readily 
anticipate that this contribution is governed by the decay of overlap of two initially identical wavepackets interacting 
with a second particle in different states - giving a Lyapunov, exponential decay in the chaotic case, a power-law decay 
in the regular case. Second, similar contributions with s = I also exist, which however affect only the variance of the 
diagonal matrix elements and do not depend on x ~ y. We find that, on average, these two diagonal contributions 



8G 



give 

J Of 2 exp[-A 2 i] ; chaotic, 
Si(x,y;i) ~ ^ d2 (A50) 

[ O x (*o/*) 5 regular. 

E 2 (x,y;i) ~ { ^ ;(x - y)K P [ , M ; Cha ° tiC ' , (A51) 
[ fi x £„(x-y) (*o/*) ; regular, 

with the spatial volume 17 1 occupied by particle one. Despite the local nature of Ei, both terms give a contribution of 
the same order to the average purity. Three facts are worth noting. First, these contributions do not depend on the 
interaction strength, second they give a lower bound for the decay of (|pi| 2 ). Third, in the regular regime, both Ei 
and E 2 give a power-law decay with the classical exponent d\_i and not the anomalous exponent 3<ii j2 /2 one would 
expect from the semiclassical analysis of the Loschmidt echo. This is so because we assumed that the interaction 
potential is smooth on a distance much larger than the particle's de Broglie wavelength. Accordingly we approximate 
S s , s <(x,yi;r,y 2 ;*) ~ S s , s '(x,ri;r,r 2 ;t) + (yi - ti) • V yi S s x(x,y 1 ;r,y 2 ;t) + (y 2 - r 2 ) • V y2 S s , s '(x:,yi;r,y 2 ;t) w 
SsV (x, ri; r, r 2 ; t), since the envelope of the initial Gaussian wavepackets tp\^ requires (yi — r^) < v. 

The third contribution to (|pi| 2 ) is uncorrclated in the sense that it does not require further pairing of trajectories. 
Its decay with time is thus governed by the dephasing due to the particle-particle interaction contained (9). From 
Eq. (|A48j) . it is natural to expect that (9) is a decreasing function of |x — y| and t only, and that the CLT applies in 
the form 

(S s ,s>;U') = exp[-((S s , s , - §i tS , + S M , - S,,i/) 2 /2)]. (A52) 
Sums and integrals in Eq. (|A47[) can then be performed separately to give 

E 3 (x,y;i) = Or 2 cxp[-2((S 2 !S ,)-(S^S i ^) + (§^§ij')-(Si, S '§ij'»], (A53) 
(&.,.'&l,l>) = I d< i*2 (ti(q s (ii),q s .((i))U(q,(! 2 ),q P (i 2 )). (A54) 



Jo 

The four correlators are different in the number of trajectories appearing twice for each particle. It is easily seen, 
however, that unpaired trajectories lead to a fast decay of the corresponding correlator. This decay occurs on a time 
scale tu which we estimate as the time it takes for two initial classical points within a distance v to move away a 
distance oc £ from each other. In a chaotic system, this gives a logarithmic time, similar in physical content to the 
Ehrenfest time, tu = A -1 while in a regular system, tu is much longer, typically algebraic in (,/v. For t > tu, 

the last three correlators in Eq. (|A53j) disappear and only (§ 2 S /) survives. Because the four classical paths in that 
term come in two pairs, they have no dependence on |x — y|. This is due to the average we take over initial conditions 
together with the dynamical spread of the wavepacket. 

At short times t < tu, on the other hand, the four correlators almost cancel one another, and Eq. (|A53[) , which 
was obtained with (S SjS 'Sz,s') = (§/,;' §s,i') and similar equalities, does not hold anymore. A Taylor expansion of the 
differences of the two-particle action integrals in Eq. (|A48p gives 



E 3 (|x-y|<C;t) = — 



di+d 2 „ 

J drdr'J2 E CsC x C a ,C v 

S,S 7 1,1' 

x exp [ - i/ 2 (p s - Pl ) 2 + (p, - Pl ) 2 + (p s , - p 2 ) 2 + (p,/ - p 2 ) 2 ] 

di 

x exp -2 ^ (x-y) a ,(x-y) (3 D^(x,y,r,r / ;t) 

a, 0=1 
d 2 

x exp [ - 2 ( r - r %(r - r') p D^(^ y, r, r'; t)] , (A55) 

a,/9=l 
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where 

D«(x,y,r,r';i) = f dh ^(^^(tO.qy^i)) 4 s) lt(q s (i 2 ),q s ,(i 2 ))), (A56) 
Jo 

Z?( 2 '(x,y,r,r';0 = / dfc dfe<0<>'>lC(cu(fi), qy (ti)) ^ICfote), qy (i 2 ))>, (A57) 
Jo 

depend on the endpoints x, y, r and r' of s and s' . 

So far we have learned that the variance of off-diagonal matrix elements of p\ is determined by classical correlators, 
with the important caveat that they are bound downward by the expressions given in Eq. (|A50j) . The rest of the 
discussion requires to specify the time-dependence of these correlators as in Appendix IA.2I We make the same 
observation as above [see the discussions on Eqs. (|A11|) and (|2.9[) ] that, provided these correlators decay faster than 
oc \t\ — t 2 | , the off-diagonal matrix elements exhibit a dominant exponential decay in time. This condition is rather 
nonrestrictive and is surely satisfied in a chaotic system ( Collet and Eckmannl . [20CM ) . We therefore assume from now 
on a fast decay of correlations, 

(U(q s (ti),q s ,(ii))U(q s (t 2 ),qy(i 2 ))) = T 2 5(h - t 2 ), (ASS) 
(^ s ')l[(q s (t 1 ),q s ,(i 1 ))4 s ' s ' ) U(q s (t 2 ),q^(t2))) = 72 <W S(h - t 2 ). (A59) 

The purity is straightforward to compute from Eqs. (j A53|) for t > tu or (|A55|) for t < Tu, using the correlators in 
Eq. (|A58p and (|A59[) and is discussed in the body of the text. 



6. The Boltzmann echo 

As starting point of our semiclassical calculation, we take chaotic one-particle Hamiltonians i?i j2 , and an interaction 
potential 11 that is smooth over a scmiclassically large distance, in the sense that it is characterized by a typical 
classical length scale, much larger than the de Broglie wavelength a of particle 1. We furthermore assume that it 
depends only on the distance between the particle 1 and 2. For pedagogical reasons, the initial states are narrow 
Gaussian wavepackets for both particles, ^:(q) = (■Kv 2 )~ di / i cxp[ipi ■ (q — i - ;) — |q — ri| 2 /2i/ 2 ], though within our 
semiclassical approach, more general states can be taken for the uncontrolled system 2, such as random pure states 
= Y, a p a a a *p\ ( t ) a){4'i3\, random mixtures p 2 = J2 a \a a \ 2 \<Pa)(^a\ or thermal mixtures p 2 = Sn ex P[ _ ^«] l n )H> 
without affecting our result. Also, arbitrary initial states for both subsystems can be considered within the RMT 
approach presented in the next appendix. 

We first write Me(t) as 



M B (i) 



dZ5 



J|dx 4 J|dq 3 ipi(q_i)^ 2 (q_ 2 )ip\(q_ 3 ) 

i=i j=i 



x (q3,z 



xi,x 2 ) (xi,x 2 |e qi,q 2 ) 



(A60) 



We next generalize the two-particle semiclassical propagator of Eq. (|A42[) to treat partial time-reversal. The propa- 
gator is given by 



(xi,x 2 |e z:Ha *| qi,q 2 ) = {2m)' 



-(d 1 +d 2 )/2 



£ Gl{ 2 S2 exp[* {e^ ( Xl , q l5 1) + (x 2 , q 2 ; t)}] 

Si, S2 

xexp[i{s£> 8a (xi,qi;x2,q2;t)}], (A61) 



where a = f, b labels forward or backward evolution and e^' = — = 1. This propagator is expressed as sums over 
pairs of classical trajectories, labeled Si for particle i connecting q^ to Xj in the time t with dynamics determined by Hi 
or Hi + Sj. Under our assumption of a classically weak coupling, classical trajectories are only determined by the one- 
particle Hamiltonians, and at this point, the reader certainly anticipates that our justification for this approximation 
relies on structural stability. Each pair of paths gives a contribution containing one-particle action integrals denoted 
by S Si (where we included the Maslov indices) and two-particle action integrals §ii',s 2 = J * dr l[f i b[q Sl (T),q S2 (r)] 
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accumulated along s\ and S2 and the determinant C Sl . S2 = C Sl C S2 of the stability matrix corresponding to the 
two-particle dynamics in the {d\ + d 2 ) — dimensional space. 

We insert the semiclassical expression (|A61| into Eq. (|A60|) . There arc four propagators in total, and one thus faces 
a sum over eight classical trajectories Si, and ij, i = 1,2, 3, 4. Our choice of initial Gaussian wave packets justifies to 
linearize the one-particle action integrals in q 3 — r^. We furthermore set Si^ S2 (xi, qi; x 2 , q2; t) ~ S^ S2 ( x i, r i; x 2, *2',t), 
keeping in mind that ri and r 2 , taken as arguments of the two-particle action integrals, have an uncertainty 0{v). 
We then perform six Gaussian integrations to get 



M B (t) = {v 2 /K) {2dl+d2)/2 j ndx ? d y? dz 2 J2 ^sAsAlAAl^cic 1 ^ 

i—1 paths 

xexp[j($i + $ 2 + $i2)]- ( A62 ) 



In this expression, paths with odd (even) indices correspond to system 1 (2), and paths denoted s (I) correspond to 

the forward (backward) time-evolution. We furthermore defined A Si = C s 2 i exp[— i^ 2 (p S; — pi) 2 /2]. The semiclassical 
expression to Mb is obtained by enforcing a stationary phase condition on Eq. (|A62j) . i.e. keeping only terms which 
minimize the variation of the three action phases 

$! = Si { X*i,vi\t) - S£\x u r v ,t) - Sil\yi,ri;t) + S%\y u rv,t), (A63a) 
$ 2 = s£\x 2 ,r 2] t) + S^^^^t) ~ S^(y 2 ,r 2 ;t) - S ; ( 4 b) (z 2 , y 2 ; t), (A63b) 

The semiclassically dominant terms are identified by path contractions required by stationary phase conditions. 
We consider the weak interaction limit where larger phases are due to the uncoupled dynamics, and accordingly 
first enforce a stationary phase condition on <J>i and <f>2. The first stationary phase approximation over $i cor- 
responds to contracting unperturbed paths with perturbed ones, s\ ~ l\ and S3 ~ Z3. This pairing is allowed 
by ou r assumption of a classically weak Si , and is justified by structural stability, rigo rously for hyperbolic sys- 
tems (jCerruti and Tomsovid l2002t iKatok and Hasselblattl . Il996t IVanicek and Hellerj . l2003f) and numerically for more 
generic chaotic systems Ref. ( Grebogi et at , 1990T ) . The phase $1 is then given by the difference of action integrals 
of the perturbation Ex on paths si and S3, $1 = SS Sl (xi, ri; t) — 8S S3 (jf\,Ti;t), with 5S Si — J Q dr Ei[q Si (r)]. Here, 
q Si (r) lies on Si with q Si (0) = ri and q Sl (t) = xi , q S3 (t) = yi . A similar procedure for <j> 2 requires S2 — S4 and l 2 — 
and thus X2 — y2 • These contractions lead to an exact cancellation of the one-particle phase $2=0 accumulated by 
system 2, and one gets a sum over four trajectories 

r 2 

M B (t) - (v 2 /n) 2 -^ / JJd Xi d yi dz 2 Q(u-\x 2 -y 2 \) 

i=l 

x^|yi Sl | 2 |A 82 | 2 |yi S 3| 2 |C i2 |exp[i(55 Sl -6S S3 + 6$ 12 .)}. (A64) 

The Heavisidc function O (y — |x 2 — y2 1 ) restricts the spatial integrations to |x 2 — y 2 1 < v because of the finite resolution 
with which two paths can be equated. 

The semiclassical Boltzmann echo (|A64[) is dominated by two contributions. The one is non diagonal in that all 
paths are uncorrelatcd. Applying the CLT one has 

{eMnSS Sl -5S S3 +S<£ 12 }}) = exp[-(55 2 1 )-((S( f 1 ) S2 ) 2 )-((Si b ) S2 ) 2 )], (A65a) 

/ drd^(E 1 [q, 1 (r)]Ei[q, 1 (0]) > (A65b) 
Jo 

((S^) 2 ) = /' t drdT'(U f)b [q sl (T),q S2 (r)]lC f , b [q sl (T') ! q S2 (T')]). (A65c) 



Once again we use the property that correlators typically decay exponentially fast in chaotic systems to write {SSg ) ~ 
t and ((Ssi'^a) 2 ) — Tf,b t. Using next the two sum rules [similar to Eq. (|A3|) ] 

(v 2 ^)^ J dx^|As t | 2 = 1, J d Xi J dy t Q(u - |y, - Xi |) ^ \C h \ = 1, (A66a) 
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one obtains the nondiagonal contribution to the Boltzmann echo, 

jv4 nd) (t) ~ ex P [- (r Sl + r f + r b ) t] . (A67) 

The second contribution is diagonal in the classical paths followed by the first particle, with s% ~ S3 and xi — yi- 
It is thus given by a sum over three trajectories. From Eq. (|A64[) it reads 

f 2 

M^tt) = (y l M*~ l *~* / n dx * d y* dz 2 e (»- K-yil) 

J i=l 

x y: i^n^nai^^^^^^sj, (A68) 

where AS Sl = /* drViS^q^ (r)] • [q S3 (r) - q 51 (r)] and AS£$ = /„* drViU f , b [q sl (r), q S2 (r)] ■ [q S3 (r) - q si (r)]. We 
perform a change of coordinates J dx.\ |C S i I = J dpi, and use both the asymptotics |C S1 | oc exp [— A]t] valid for 
chaotic systems and the sum rules of Eqs. (|A66[) to get 

M^\t) ~ ai exp [-A^]. (A69) 

Here, a± is only algebraically time-dependent with a\(t = 0) = 0(1). We finally note that the long-time saturation at 
the inverse Hilbert space size of system 1, Mb (00) = N^ 1 , is obtained from Eq. (|A62[) with the contractions Sx — S3, 
s 2 — s 4 5 h — h an d h — h- Summing the saturation contribution with the diagonal (|A69|) and nondiagonal (|A67[) 
contributions, one obtains our main result, Eq. (|4.25[) . 



Appendix B: Random matrix theory of the Boltzmann echo 

RMT treatments for the Loschmidt echo and for entanglement generation in bipartite interacting systems have been 
presented in Chapter III.BI and Chapter IIV.CI respectively. They are based on eigenfunction correlators, Eqs. (|2.25D 
and (|4.13p . The RMT calculation of Mb we present here is based on similar relations. It does not represent any 
additional technical difficulty, and we thus confine it to this appendix. Our main task here is to show how the RMT 
result for Ms(t) is compatible with the semiclassical result, Eq. (|4.25p in the limit A — > 00. The approach follows the 
same lines as the calculation presented in Chapters III.BI and IIV.CI Our starting point is 

M B (i) = N^ 1 Y (ipi,<h\ expHJCbt] exp[-m { t] p exp[ffl { t] exp[W h t] \ipi,<fa), (Bl) 

02,^2 

where we take an initial product state po = \ipi, V^XV'ij ^2 1- Our RMT strategy consists in inserting resolutions of 
the identity into Eq. (|B1[) and then use averages similar to those we already encountered in Eq. (|4.13[) . Compared 
to the purity, the Boltzmann echo requires to consider four different complete sets of eigenvectors {otf ,b ^}, for the 
uncoupled forward (/) and backward (6) dynamics of particle i = 1, 2 and two two-particle eigenstates basis {A"' b '}. 
This renders the calculation somehow longer and more tedious, but does not add any additional technical difficulty. 
We first insert four resolutions of the identity 

/ = £ \af h \^)^\af h \ (B2) 

into Eq. (|B 1|) to obtain 

M B (t) - N- 1 ]T ]T (V^rf,^) (a[ f) ,ai f) \^ 2 ) (MM'KpP) WW\i^fo) 

<p2,4'2 Ct's,f3's 

x {af\ 4 b) I exp[-iH b t] exp[-m f t]\a[ f) , dp) 

x(l3[ f \pP\exp[-W h t}cxp[-i3{{t}\[3[ b \l3 { 2 b) ). (B3) 
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We next use the leading-order RMT averages (we neglect subdominant weak localization corrections) 



(0 2 |4 b) )(^ b) |0 2 ) = (WPtPHotPfa) = <W 2 N~\ (B4a) 

(^la?) (a[ f) \^) (^M f) ) (P[ b) \i>i) = (ai^la^) (p[ f) \P[ b) ) 2 + -W^f 2 , (B4b) 

where we eased the notation a bit by dropping the subindices in the Kronecker delta's. The second term on the 
right-hand of Eq. (|B4bp leads to the long-time saturation Mb(oo) = iV{~ . The dominant contribution to Mb thus 
reads 

M B (i) = tff 2 ^ 1 <a<'>|a< 6 >) (ti b) \ti f) ) (B6) 

a's (3*8 

We next insert 

/= E \A (f ^)(A (f ' b) \ (B6) 

At/,6) 

left and right of all the time-evolution operators in Eq. (|B5[) . and finally use 



a <P,c!P f3 { »\t3 2 b) 

as well as a similar expression with &<->/. After some algebra - invoking further RMT averages as in Eq. (fB4b|) 
among others - one finally obtains 

M B (t) = iVr 2 E Ka^la^)^-^-^)* ^|(A ( V 1 (/) >| 2 e i(&(l, - ft<fl) ' (B8) 



X 



where eigenenergies are denoted by A { /' b) and aj /,6) and $ m '. We are almost done. Each of the six terms in the 
above expression gives the Fourier transform of the projection of one- or two-particle eigenfunctions of a perturbed 
Hamiltonian over the eigenfunctions of the corresponding unperturbed Hamiltonian. For the two terms in the first 
line of (|B8[) . the perturbation is £i, while for the last four terms, the perturbation is U^b- In both cases, the three 
usual first-order perturbative, golden rule and strongly perturbed regimes have to be considered separately, with the 
corresponding delta-peaked, Lorentzian and ergodic eigenfunction projections [see Eqs. (|2.29|) and (|4. 18[) ] . Replacing 
the sums by integral over energies the first line of (|B8[) gives a factor 



cxp[-S^i 2 ] first order, r Sl < 5, 

cxp[-r Sl t] golden rule, S < T Sl < B, (B9) 
exp[— Bft 2 ] strong perturbation, > B. 

while the second and third line combine to give 

exp[-(Uf + V^)t 2 } first order, r f , b < S 2 , 

exp[-(r f + T h )t] goldenrule, S 2 < T l)h < B 2 , (BIO) 

cxp[— B\t 2 \ strong perturbation, r^b > B 2 . 

Taking the saturation term into account, we finally recover our results Eqs. (|4.25[) . (|4.26p and (|4.27p . for the RMT- 
compatible case of infinite Lyapunov exponent . 
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Appendix C: Numerical models 
1. The kicked top 

The kicked top (|Haakd . l200ll ; lHaake et al. , 1987) has a time-dependent Hamiltonian 

H = {ir/2)S y + (K/2S)S 2 Z ^ S(t - n). (CI) 

n 

The model describes a vector spin of conserved integer or half-integer magnitude S that undergoes a free precession 
around the y-axis perturbed periodically by sudden rotations of period r = 1 around the z-axis over an angle 
proportional to S z . Classically, this dynamics is captured by the map 

x n +i = z n cos(Kx n ) + y n sm(Kx n ) 

Vn+i = -z n sm(Kx n ) + y n cos(Kx n ) (C2) 

Quantum-mechanically, the unitary time evolution after n periods is given by the n-th power of the Floquet operator 

F Q = exp[-i(K/2S)S%] exp[-i(n/2)S y ]. (C3) 

Depending on the kicking strength K, the classical dynamics is regular, partially chaotic, or fully chaotic at large K . 
From the data shown on the top left panel of Fig. [HI we see that the kicked top is chaotic, with vanishingly small 
islands of stability for K > 9. 

The Floquet operator Fq gives the forward time-evolution and for the fidelity, we need to define a perturbed 
reversed time-evolution. Therefore, for the reversed time evolution we introduce a perturbation in the form of a 
periodic rotation of constant angle around the x-axis, slightly delayed with respect to the kicks in Hq, 

Bi^SxX^t-n-e). (C4) 

n 

The corresponding Floquet operator is F = exp(—i<f>S x )Fa. The parameter <f> gives the strength of the perturbation. 

Both H and Hq conserve the spin magnitude S. However, because the Hamiltonian is time-dependent, the energy is 
not conserved and a tran sition to chaos occ urs as K is increased. We choose the initial wave packets as coherent states 
of the spin SU(2) group ( Perelomovl 1 1 9861 ) . i.e. states which minimize the Heisenberg uncertainty in phase space. In 



our case the latter is the sphere of radius S, on which the Heisenberg resolution is determined by the effective Planck 
constant HeS ~ S~ 1 . 



2. The one-particle kicked rotator 



Th e second dynamical system we use in our numerics is the kicked rotator model. Its Hamiltonian reads 1 Izrailevl . 
I1990D 



Hq = h Kq coax 6(t — n). 



(C5) 



Eq. (IC5I) gives the tim e -depe ndent Hamiltonian formulation of the celebrated standard 
map (|Chirikov and Shepelvanskvl . 120081) . The latter gives a local description of nonlinear resonances which 
correctly describes a large variety of dynamical systems - hence its name. For K = 0, the system is trivially 
intcgrable. Nonlinear resonances arise as K is increased, and for K w 1, the last invariant torus globally bounding 
the dynamics in momentum is destroyed. We concentrate on the regime K > 7, for which the dynamics is fully 
chaotic with a Lyapunov exponent A ~ ln[A'/2]. We quantize this Hamiltonian on a torus, which requires to consider 
discrete values pi = lixljN and xi = 2nl/N, I = l,...N, for the canonically conjugated momentum and position. 
Here, N is an integer proportional to the inverse effective Planck's constant, H s g = N^ 1 , i.e. the semiclassical limit 
correspond to taking the large iV limit. It increases the system size and accordingly the computation time. 
The fidelity is computed for discrete times t = n, as 



M L (n) - \(M(FT( F oT\M" 



(C6) 
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using the unitary Floquet operators 

F = exp[— ip 2 /2h e s] exp[— iK cosx/fi e ff] , (C7) 
F SK = cxp[-«]5 2 /2?i off ] exp[— i(K + SK) cosx/h e g]. (C8) 

The quantization procedure results in a matrix form of the Floquet operators, whose matrix elements in 
x— representation are given by 

(Fsk)u, 

Numerically, the time-evolution of tpo in the fidelity, Eq. (|C6j) , is calculated by recursive calls to a fast-Fourier transform 
routine. Thanks to this algorithm, the matrix- vector multiplication FqjkiPo requires 0(N\nN) operations instead 
of 0(N 2 ), and thus allows to deal with much larger system sizes with the kicked rotator than with the kicked top. 
The data presented in Chapter III. D. 21 correspond to system sizes of up to N < 262144 = 2 18 which still allowed to 
collect enough statistics for the calculation of the variance cr 2 (Ml) of the Loschmidt echo. Because our algorithm 
relies on fast-Fourier transforms, our system sizes in this review are powers of 2 whenever we use the kicked rotator. 



1 r ir(l-l')\ r NK 
- exp[i ] expH^— cos — 



2tt/', 

exp|« — - — — — —I expl— i— — cos 

N 

1 r .Tr(l-l') 2 , , N(K + SK) 2irl\ 
— exp h exp — i cos 



(C9) 
(CIO) 



3. The two- and JV-particle kicked rotator 

In our investigations of entanglement generation and of the Boltzmann echo, we rely on a model of two interacting 
kicked rotators. The model still keeps most of the algorithmic advantages of the single-particle kicked rotator, in 
particular, one can still reach semiclassically large system sizes that allow to search and find Lyapunov decays over 
several decades, even for two interacting particles and the associated squaring of the system size. The model is defined 
by 

Hi = p 2 /2 + K.cosixi) ^T,6(t-n), (Clla) 

n 

U = e sin(asi - x 2 - 0.33) ^ S(t - n). (Cllb) 

The interaction potential II is long-ranged, with a strength e and acts at the same time as the kicks. It has already 
been mentioned above that the chaoticity of the dynamics can be tuned from fully integrable (Ki = 0) to fully chaotic 
[Ki > 7, with Lyapunov exponent Xi f=a ln(Ki/2)]. For 1 < Ki < 7 the dynamics is mixed, and one may consider 
all possibilites of regular, mixed or chaotic dynamics individually for particle one and two. In this work, however we 
restrict ourselves to the case of two chaotic particles, and vary if 12 €E [3, 12] to get a maximal variation of A,, while 
making sure that both initial Gaussian wavepackets tpi and ip2 he in the chaotic sea. We follow the usual quantization 
procedure on the torus x,p g (— tt,tt) for each kicked rotator. There is no procedure of quantum symmctrization 
involved as we consider distinguishable particles. The two-particle bandwidth and level spacing are given by B 2 = 2n, 
5-2 = 2tt / (N1N2) , and we numerically extracted the level broadening of interacting two-particle levels T 2 — 0A3e 2 NiN2 
from exact diagonalization calculations of the local spectral density of eigenstates of the U = Hamiltonian over the 
cigenstates of the full, interacting two-particle Hamiltonian (this local spectral density of states is shown in the inset 
to Fig. [24]). The time evolved density matrix is computed by means of a two-dimensional fast Fourier transforms. The 
algorithm requires only 0(NiN 2 \aN1N2) operations, which allowed us to reach system sizes up to Ni, 2 = 2048, more 
than one order of magnitude larger than any previously investigated case for entanglement generation between two 
interacting dynamical systems. The data we present are restricted to N\ = N 2 = N, except in the inset to Fig. [25] 
The model is easily generalized to N interacting particles, 

Hi = pj/2 + KiC08( Xi ) S(t-n), (C12a) 

n 

Uij = e tj sin(xi - xj - 0.33) ^5{t-n). (C12b) 

71 

for i,j = 1,2,...,N. It is not clear to us how the (anti)symmetrization of the iV-body wavefunction required by 
quantum mechanics for distinguishable particles can be achieved in this model, without negatively affecting the 
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performance of our algorithm. 
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